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1
Abstract
2

Detrended Fluctuation Analysis (DFA) has become a widely-used tool to examine the
correlation structure in a time series and provided insights into neuromuscular health and disease

4

states. As the popularity of utilizing DFA in the human behavioral sciences grows, understanding
its limitations and how to properly determine parameters has become increasingly important.

6

DFA examines the correlation structure of variability in a time series by computing , the slope
of the

8

–

diffusion plot. When using the traditional DFA algorithm, the timescales, ,

are often selected as a set of integers between a minimum and maximum length based on the
number of data points in the time series. This produces non-uniformly distributed values of

10

in

logarithmic scale, which influences the estimation of α due to a disproportionate weighting of the
long-timescale regions of the diffusion plot. Recently, the evenly spaced DFA and evenly

12

spaced average DFA algorithms were introduced. Both algorithms compute

by selecting

points for the diffusion plot based on the minimum and maximum timescales of interest and
14

improve the consistency of

estimates for simulated fractional Gaussian noise and fractional

Brownian motion time series. Two issues that remain unaddressed are 1) how to select
16

whether the evenly-spaced DFA algorithms show similar benefits when assessing human
behavioral data. We manipulated

18

confidence limits of

confidence limits of

and examined its effects on the accuracy, consistency, and

in simulated and experimental time series. We demonstrate that the

accuracy and consistency of
20

and 2)

are relatively unaffected by the selection of . However, the

narrow as

increases, dramatically reducing measurement uncertainty for

single trials. We provide guidelines for selecting

and discuss potential uses of the evenly

22

spaced DFA algorithms when assessing human behavioral data.

24

Keywords: Detrended Fluctuation Analysis, Even spacing, Diffusion Plot, Method Comparison,
Gait Variability

2
1. Introduction
2

Statistical techniques that examine the temporal structure of variability have become
increasing popular in the behavioral sciences. These methods have been used to assess serial

4

correlations in the variability of human physiological and behavioral processes including heartrate [1-3], respiration [4, 5], blood flow [6-8], interpersonal coordination [9, 10], haptic

6

perceptual intent [11], visual search [12, 13], interlimb coordination [14-16], timing [17-19],
postural sway [20, 21], and gait [22-27]. Several reviews examining these techniques have

8

provided valuable guidelines regarding limitations, implementation, and interpretation [28-33].
Detrended Fluctuation Analysis (DFA) [34] has emerged as one of the more robust and popular

10

statistical techniques for estimating the average correlation structure of a time series and has
provided insights into the underlying organization and control of human perception and action.

12

DFA exploits the diffusion property of fractional Brownian motion (fBm), which states
that the variance of a process,

, is a power function of the timescale of observation,

(Eq. 1).

14

(1)
Consequently,

16

is characterized by a nonstationary mean and variance. The Hurst exponent, H,

determines the correlation structure of the fBm increments and is bounded on the interval

.

= ½ corresponds to uncorrelated (random) increments. Persistent, or positively correlated,
18

increments are observed when
present when

20

> ½. Anti-persistent, or negatively correlated, increments are

< ½. Fractional Gaussian noise (fGn) represents a distinct family of stationary

processes formally related to fBm through summation and differencing. Specifically, cumulative
summation of fGn produces fBm, while differencing of fBm produces fGn. An important

22

characteristic of the dichotomous fGn/fBm framework [35] is that a fGn,

, and its associated

3
fBm,
2

, share the same value of

the signal,

. For fGn,

determines the average correlation structure of

, rather than its increments.

DFA takes advantage of the formal relation between fGn and fBm and assesses a
4

6

derivation of the scaling relation in Eq. 1, stating that the standard deviation (SD) of an
integrated series,

, is a power function of the timescale over which it is computed, , with

scaling exponent

(Eq. 2).
(2)

8

The original series,
consequently

10

scaling exponent

, is classified as a fGn when
. If

is on the interval

,

is found on the interval

and

is considered a fBm and

. The

therefore contains information regarding the classification (i.e., fGn vs. fBm)

and average correlation structure of the process under investigation.
12

The estimation of

is determined by ordinary least-squares regression of

on

(Fig. 1a). Several issues concerning the diffusion plot warrant attention. The selection of evenly
14

spaced timescales, , leads to a greater density of points in the long timescale region of the
diffusion plot following logarithmic transformation. The long-time scale region therefore has

16

greater influence because ordinary least-squares weighs observations equally. Autocorrelated and
heteroscedastic residuals are also commonly observed (Fig. 1d). Adherence to the basic

18

assumptions of Gauss-Markov Theorem guarantee that ordinary least squares coefficients are
unbiased and have minimum variance among all unbiased estimators [36]. Violations of

20

independence and homoscedasticity lead to inefficient estimation of the slope, or
DFA, which affects confidence limits. In practice, DFA is an unbiased estimator of

22

in the case of
for fGn

series, but underestimates fBm series [37, 38]. The biases observed for fBm series are related to
methodological assumptions inherent to DFA [37], specifically, the scaling relation in Eq. 2.

4
However, this assumption may be invalid when the original series is an fBm and the integrated
2

series,

, belongs to a family of over-diffusive processes.
To improve the estimation of , Almurad and Delignières [38] formally introduced two

4

evenly spaced DFA algorithms to better select the timescales contained in the diffusion plot. The
evenly spaced DFA (esDFA) algorithm defines evenly spaced logarithmic timescales based on

6

the desired number of points in the diffusion plot, , and the minimum and maximum timescales
of interest,

8

and

[38]. The remaining -2 points are defined based on a geometric

progression. This algorithm selects an arbitrary set of timescales which may mask information
about the process under investigation if too few points are included in the diffusion plot. The

10

evenly spaced average DFA (esaDFA) algorithm incorporates timescales spanning
by a common increment and defines

12

estimates of

and

intervals of equal width in logarithmic scale over which

are averaged. Both evenly spaced algorithms reduce the influence of

longer timescales on the estimation of
14

to

and improve the quality of the

(Fig. 1d-f). As a result, the between-trial variability of

-

regression

is markedly lower for both evenly

spaced algorithms compared to DFA [38]. Another important benefit is that the evenly spaced
16

DFA algorithms exhibit the same between-trial variability for shorter time series (e.g.,
points) as DFA does for longer time series (e.g., 1024 points) [38]. The ability to apply DFA to

18

shorter time series reduces the burdens associated with acquiring extended behavioral series,
which may be especially difficult to attain when working with special populations (e.g., children,

20

older adults, persons with neurological disorders).
Although the evenly spaced algorithms hold tremendous potential for the use of DFA, it

22

is important to address questions that emerge from the introduction of these algorithms. First, it
is unclear if the selection of

influences estimates of . Almurad and Delignières [38] utilized

5

Fig. 1. Diffusion plots for (a) DFA, (b) esDFA, and (c) esaDFA algorithms for a fGn series of
1024 points with an expected of 0.7. Timescales ranged from 10 to /4. Similar to Almurad &
Delignieres (2016), = 18 was used for esDFA and esaDFA. and 95 % confidence limits are
displayed in the bottom right corner of panels a, b, and c. The bottom panels (e-f) display the
residuals of the linear, ordinary least-squares regression of log
on log for (d) DFA, (e)
esDFA, and (f) esaDFA. Note the heteroscedasticity and residual autocorrelation in panel (d).
Both esDFA and esaDFA produce better behaved residuals despite slight heteroscedasticity (e)
and residual dependence (f). All R2 values exceeded 0.96.
= 18, but it is unclear how this value was obtained. Presumably, the selection of
2

should depend

on time series length. Because longer series contain a wider range of timescales, choosing too
few points may produce more volatile estimates of . Second, improvements to the quality of the

4

diffusion plot regression should narrow the confidence limits for . Confidence limits may
widen if residual variance is not substantially reduced because the evenly spaced DFA

6

algorithms include far fewer points than DFA. To our knowledge, confidence limits for α are not
reported even though many studies collect a single trial per experimental condition. Suggestions

8

to average α across trials to compensate for measurement variability have been made [37], but
adherence to this practice is not widespread. Reducing measurement uncertainty for individual

6
trials is important when the experimental series are short or collecting multiple series is
2

impractical. Third, despite the improvements observed for large numbers of simulated time
series, no studies have systematically examined the benefits of the evenly-spaced DFA

4

algorithms when applied to human biophysical data.
The aims of this study were to determine 1) the influence of

6

consistency, and uncertainty of

on the accuracy,

and 2) the utility of the evenly spaced DFA algorithms for

assessing human movement data. The first aim was assessed using artificial fGn and fBm time
8

series. The second aim was addressed by examining locomotor variability in healthy adults
during treadmill walking and re-examining observations from a classic study of overground

10

walking [24].
The selection of human locomotor variability is of both historical and practical relevance.

12

Early research by Hausdorff and colleagues identified the presence of long-term correlations in
human stride intervals and the degeneration of inter-stride correlations in aging and pathological

14

cohorts [23, 24, 39-41]. More recently, several researchers have pursued the utility of fractal, or
long-term correlated, auditory cues to enhance locomotor rehabilitation [42-45]. Gait variability

16

during treadmill locomotion consistently yields fGn series exhibiting statistical persistence for
stride time and length and anti-persistence for stride speed [25-27]. Overground stride interval

18

data collected by Hausdorff, Purdon, Peng, Ladin, Wei and Goldberger [24] exhibits a similar
range of behavior due to changes in walking speed and auditory cuing using an isochronous

20

metronome [22]. This allowed performance of the evenly spaced algorithms to be compared
among experimental series with different correlation structures.

22

7

2

2. Methods
2.1. Simulated Time Series

4

Simulated time series were generated using the Davies and Harte algorithm [46] which
produces fGn with an expected correlation structure determined by the Hurst exponent,

6

8

generated for each value of

. To produce fBm time series, a second set of fGn time series was

generated for each value of

and cumulatively summed. The expected values of , denoted

, ranged from 0.1 to 1.9 in increments of 0.1 Given that the correlation

structure of fGn and fBm breaks down around
simulations [47]. Series length,

12

, this value was excluded from the

, was manipulated to produce simulations of 256, 512, and

1024 points. Simulations of different lengths were generated independently. 100 simulations
were produced for each combination of

14

was

systematically varied from 0.1 to 0.9 in increments of 0.1. Simulated fGn time series were

from here on as
10

.

and

.

2.2. Treadmill Walking
2.2.1. Participants

16

Fifteen healthy young adults (age = 20.0 ± 0.9 years, height = 170.0 ± 8.7 cm, weight =
70.2 ± 12.1 kg, 12 female) free of impairments affecting gait, participated in a one-day

18

assessment of treadmill walking. All participants provided written informed consent approved by
the university’s institutional review board.

20

2.2.2. Procedure
Participants walked at preferred walking speed for three five-minute trials on a 1.47 m

22

0.46 m treadmill (Life Fitness Inc., Rosemont, IL, USA). To determine preferred walking speed,
the speed of the treadmill belt was slowly accelerated and decelerated between 0.45 ms-1 and

24

1.79 ms-1. Participants were instructed to inform the experimenter when preferred walking speed

8
was reached. Preferred walking speed was computed as the mean of the self-selected speeds
2

from a single increasing and decreasing ramp. Five-minutes of rest was given between trials.
2.2.3. Data Collection and Analysis

4

Kinematic data were collected at 120 Hz using a six-camera Vicon system (Vicon Motion
Systems, Oxford, UK). Two retro-reflective markers were placed on the head of the 2nd phalanx

6

and the calcaneus of the right foot. Data were post-processed using MATLAB 8.6.0 (MathWorks
Inc., Natick, MA). Kinematic trajectories were low-pass filtered using a fourth order, dual-pass

8

Butterworth filter with a cutoff frequency of 10 Hz, similar to previous research [27]. Heel strike
events were estimated as the maximum anterior-posterior displacement of the heel [26, 27], and

10

were used to compute stride time

), stride length (

), and stride speed (

defined as the time between ipsilateral heel strikes. To compute
12

was

, the anterior-posterior

displacement of the heel between subsequent heel strikes was added to the product of treadmill
belt speed and

14

).

. Each walking trial produced

,

, and

series ranging from 259 to 292

strides depending on preferred walking speed. All series were subsequently reduced to the
middle 256 strides to control for series length.

16

To justify the sampling rate of 120 Hz, we resampled the kinematic trajectories to 40, 60,
240, and 360 Hz and computed α. On average, reducing the sampling rate to 40 or 60 Hz reduced

18

α estimates by 0.04 and 0.02, respectively. Lower sampling rates artificially introduced periods
of anti-persistent behavior, which reduced α, because of the limited temporal resolution.

20

Increasing the sampling rate to 240 Hz or 360 Hz increased mean estimates of α by 0.006 and
0.003, respectively. More deliberate exploration of the effects of filtering and sampling during

22

rhythmic movements (e.g., timing, locomotion, bimanual coordination) may aid in establishing
acquisition and processing guidelines prior to submitting these data to DFA.

9
2.3. Overground Walking
2

Stride intervals data from Hausdorff, Purdon, Peng, Ladin, Wei and Goldberger [24]
(made available at https://physionet.org/physiobank/database/umwdb/) were reanalyzed. Data

4

were collected from 10 healthy male adults (mean age 21.7 years; range 18-29 years).
Participants performed overground walking on either a 225 m or 400 m oval track. Stride

6

intervals were estimated using force-sensitive footswitches inserted beneath a single foot. Two
walking conditions were included: free-walking at self-selected (normal) pace for 1 h and

8

metronomic walking at normal pace for 0.5 h. During the metronomic conditions, participants
were instructed to synchronize their heel strike with the sounding of an isochronous metronome.

10

The metronome period was set to the mean stride interval from the normal free-walking
condition. Stride interval time series, also referred to as

12

, ranged from 2977 - 3822 strides for

the free-walking conditions and 1439 - 1798 strides for the metronomic walking conditions. To
facilitate comparisons to the simulated and treadmill walking series, each

14

series was reduced

to the middle 256, 512, and 1024 strides.
2.4. Detrended Fluctuation Analysis

16

The procedures for the evenly spaced DFA algorithms are similar to DFA with the
exception of the number of points contained in the diffusion plot All three procedures are

18

explained below. The timescales for all three algorithms ranged from

= 10 to

=

/4.

2.4.1. DFA
20

To estimate the scaling exponent, , in Eq. 2, a series

of length

is integrated (Eq. 3).

10
is then divided into
2

1

non-overlapping intervals of length, . The integrated series is

locally detrended by fitting an

order polynomial to each interval using least-squares

approximation and subtracting the fitted values
4

detrending, i.e.

from

. This study used first order

= 1. Next, the mean square error (MSE) of the detrended interval is computed.

MSE is estimated for all intervals of timescale . The MSE values are then averaged and the
6

square root of the resulting value is computed to determine

8

This procedure is repeated for all timescales. Timescales, , ranged from 10 to
the expectation of power-law scaling between

10

ordinary least-squares regression of

on

and ,

(Eq. 4).

/4 by 1. Given

is estimated as the slope of the linear,

.

2.4.2. Evenly Spaced DFA
12

The procedure for esDFA is identical to DFA (Eq. 4). The innovation of esDFA is the
selection of the timescales, . Values of

14

and

are selected by specifying lower and upper limits,

, and the number of timescales included in the diffusion plot,

(

).

Timescales were defined based on Eq. 6 [38].

2

16

1

denotes the floor function.

2

denotes the round function.

(5)

11
2.4.3. Evenly Spaced Average DFA
2

Similarly, esaDFA generates

points for the diffusion plot prior to estimating . The

procedure is initially identical to DFA.
4

1. Before estimating , the range of

is computed for

is divided into

ranging from

to

by

intervals of equal width in logarithmic

scale. Each interval in logarithmic scale is specified by:
6
for

. The corresponding intervals in timescale are determined by:

for

[38]. The average timescale and

8

10

interval, producing

and maximum,
values of

16

potentially contains

.

points for the diffusion plot based on the minimum,

, timescales. The -2 remaining points,

must be integers, values of

relative to the range spanned by
values of

18

within

are computed within each

2.5. Number of Points in the Diffusion Plot,
The esDFA algorithm selects

14

and

points. Unlike esDFA, each estimate of

information from multiple estimates of
12

,

and

,

, are determined by Eq. 5. Since

are rounded. This procedure is problematic if

is large

. Based on the procedure outlined in Eq. 5, two

can be rounded to the same integer. If this occurs, the diffusion plot will contain

fewer than

points.

A similar problem is encountered with the esaDFA algorithm. esaDFA computes
20

for all values of
values of

22

from

are divided into

scale. When

to

. In this study, values of

ranged from 10 to

/4 by 1. The

non-overlapping intervals which are evenly-spaced in logarithmic

is small, intervals will contain at least one value of . As

increases, interval

12
widths shrink and may not include any values of . The diffusion plot will therefore contain
2

fewer than k points because

and

are not estimated for some intervals.

Two solutions are proposed. First, the non-unique values of
4

omitted from the regression, but this results in fewer than
of ,

6

,

,

, and , computing interval bounds using Eq.

7, and ensuring that all intervals contain at least one value of . If no intervals are empty, the
procedure is repeated for increasing values of

12

respectively. Two distinct functions of
average,

16

until an empty interval is found.

was estimated using the algorithms described above while varying
2048. The minimum and maxim timescales,

14

are unique. This procedure is repeated for

until the criterion above is violated. For esaDFA, a similar procedure can

be implemented by selecting values of
10

, and k, and computing the evenly spaced values

using Eq. 5, while ensuring that all values of

increasing values of

points. Second, the maximum value

are unique or no intervals are empty can be computed. For esDFA,

can be determined by selecting
of

8

for which all

or empty intervals can be

and

, were fixed at 10 and

from 128 to
/4,

were identified for esDFA and esaDFA (Fig. 2). On

increases logarithmically for both algorithms, but is greater for esDFA. The

intermittent drops observed in the esDFA function are attributed to the rounding procedure.
To simplify parameterization for researchers interested in using the evenly-spaced

18

algorithms, we have included supplemental materials that provide guidelines for selecting k (see
Supplementary Materials). The levels of

20

comparisons between the evenly spaced algorithms. For series of 256, 512, and 1024 points,
is 27, 37, and 47, respectively. Since

22

examined in this study were selected to afford

varies with

, we examined different values of

for series of 256, 512, and 1024 points. The minimum value of

was selected as 10

13
independent of series length. Values of

were selected to be 25, 35, and 45 for series of 256,

Fig. 2. The maximum number of points in the diffusion plot,
, for a
series of length with
=10 and
= /4 for esDFA (black curve)
and esaDFA (red curve).
2

512, and 1024 points, respectively. Values of k ranged from 10 to

by 5.

4
2.6. Statistical Analysis
6

and 95 % confidence limits of

were computed for the simulated and experimental

time series. The width of the confidence limits,
8

10

uncertainty of

where , , and
respectively.

12

within trials. Confidence limits for

, provide an indication of the measurement
were computed as:

represent the number points in the diffusion plot,

,

was computed as the difference between the upper and lower bounds of the

confidence limits. For the simulated series, accuracy, consistency, and uncertainty were assessed
by computing the mean and standard deviation of α, and the mean of

14

, and

for each level of

across 100 simulations

, k, and N. For the treadmill walking series, the mean and standard

14
deviation of
2

were computed for

,

, and

within and then across

subjects for each level of k. For the overground series, which consist of a single trial per subject,
the mean of

4

and the mean of

and

were computed across subjects for

for each level of k and N. Accuracy

is not discussed in the context of the experimental series due to the lack of an expected value or
gold-standard for assessing α.

6

3. Results
3.1. Simulated fGn and fBm Series

8

3.1.1. Effect of k on Accuracy
Fig. 3 illustrates the accuracy of

10

estimation of
combination of

12

does not depend on
and

for DFA, a single estimate was produced for each

. The accuracy of

for the simulated series is independent of .

Similar to previous findings, DFA produces unbiased estimates of
slightly underestimates

14

for the simulated fGn and fBm series. Since the

with 1.1

for the fGn series and

for the fBm series [37, 38]. This is particularly evident in shorter series

1.3. No differences in the accuracy of

were observed between algorithms,

confirming the findings of Almurad and Delignières [38].
16

3.1.2. Effect of k on Consistency
The consistency of α for the simulated series is presented in Fig. 4. In general, the

18

standard deviation of
of

20

rises as

increases with

for the fGn series. For the fBm series, the variability

increases, leveling off around 1.5. The esaDFA algorithm was relatively

unaffected by k, while esDFA exhibited greater variability for small k. For series of 256 and 512
points, esDFA yielded slightly more consistent estimates. Both algorithms performed similarly

22

for series of 1024 points independent of k. Consistency improved systematically with increased
series length. Both evenly spaced algorithms produced more consistent estimates compared to

15

Fig. 3. Mean estimates of versus
for DFA (left panels), esDFA (middle panels), and
esaDFA (right panels) for each series length. The solid black lines represent the line of identity.
Separate curves are shown for the evenly-spaced algorithms for each value of . Curves for each
value of k are superimposed due to the small differences between α estimates.
DFA (Fig. 5). The magnitude of these improvements reported in Almurad and Delignières [38]
2

were approximately 35 %. Our results demonstrate that improvements in consistency depend on
and N. Consistency improved on average by approximately 10 %, 15 %, and 25 % for

4

series of 256, 512, and 1024 points, respectively. On average, esDFA showed marginally higher
consistency than esaDFA.

16

Fig. 4. Standard deviations of versus
for DFA (left panels), esDFA (middle panels), and
esaDFA (right panels) for each series length. Separate curves are shown for the evenly-spaced
algorithms for each value of , but may be superimposed.
3.1.3. Effect of k on Uncertainty

17

Fig. 5. Percent differences of the standard deviation of α for esDFA (top panels) and esaDFA
(bottom panels) with respect to DFA. Both evenly spaced algorithms produce more consistent
estimates of α and improvements were greater for longer series. Means ± standard deviations
across values of k and α
are displayed in each panel.
The average width of the 95 % confidence limits for ,
2

confidence limits for

are infrequently computed in the literature, it is worth noting changes to

for DFA. For the fGn series,
4

6

increases linearly with

between 1.3

1.7. For fBm series of 256 points,

length reduced

to values of 0.05 or lower for all

rises to nearly 0.2. Increasing series
.
substantially affects

. As k

increases, the confidence limits narrow. The greatest improvements in the fGn series are
observed as

10

, but the rate of increase

decreased for longer series. Confidence limits were wider for the fBm series and elevated

For the evenly spaced algorithms, the selection of
8

, are shown in Fig. 6. Because

approaches 1/f noise and in the fBm series as

approaches a random walk (i.e., α

= 1.5). The esDFA algorithm is more sensitive to , particularly for short series. For large , the
esDFA confidence limits are wider than both DFA and esaDFA. With increasing series length,

12

esDFA estimates of

become comparable. esaDFA shows comparable performance to DFA

18
for large k despite containing substantially fewer points in the diffusion plot. The selection of k is

Fig. 6. Means of
versus
for DFA (left panels), esDFA (middle panels), and esaDFA
(right panels) for each series length. Separate curves are shown for the evenly-spaced algorithms
for each value of , which depends on series length.
2

therefore critical for reducing measurement uncertainty in single trials.
3.2. Treadmill Walking

4

3.2.1. Effect of k on Means

19
Mean estimates of
2

,

, and

across subjects are displayed in Fig 7. Compared

to DFA, the evenly spaced algorithms often produced lower
estimates for

4

for

estimates for

and

and higher

. Between-method differences were consistently small (0.01 – 0.03) and did not

depend on . The relatively small differences observed between algorithms and levels of k are

Fig. 7. Mean estimates of for , , and
for (a) esDFA and (b) esaDFA at different values
of . Estimates computed using DFA are represented by the dashed horizontal lines.
congruent with the results from the simulated series.
6

3.2.2. Effect of k on Consistency
Fig. 8 displays the consistency of α for

8

standard deviation of

,

, and

during treadmill walking. The

was computed within and then between subjects. Differences between

algorithms therefore represent average differences in the consistency of α. For
10

and

series,

both evenly spaced algorithms produced more consistent estimates by approximately 10-20 %
compared to DFA. Similar to the results obtained from the simulated series, esDFA was more

12

slightly more consistent than esaDFA. Both algorithms produced more variable
compared to DFA. No effect of

estimates

was observed. Based on Fig. 4, fGn series with anti-persistent

20
structure (i.e.,
2

structure (i.e.,

) are expected yield more consistent measurements than series with persistent
and

). Fig 8. demonstrates that the between-trial variability for

is

Fig. 8. Standard deviations of for , , and
for (a) esDFA and (b) esaDFA at different
values of . Estimates computed using DFA are represented by the dashed horizontal lines.
approximately half the magnitude of
4

, which closely reflects the expected differences.

3.2.3. Effect of k on Uncertainty
Mean estimates of

6

and

for

,

, and

are shown in Fig. 9.

were averaged within

and then between subjects. The evenly spaced algorithms produce wider confidence limits for

Fig. 9. Confidence limits of

for

,

, and

,

for (a) esDFA and (b) esaDFA at different

21
, and
2

compared to DFA. As expected,

) than anti-persistent series (i.e.,
small ,

4

was wider for persistent fGn series (i.e.,

). Notably,

reduced dramatically as

is unacceptably large, reaching nearly 0.25 for

increased. For

. esaDFA consistently

produced narrower confidence limits than esDFA. Mean differences between the evenly spaced
algorithms and DFA were greater for persistent series (i.e.,

6

and

and

and

).

3.3. Overground Walking
3.3.1. Effect of k on Means

8

Fig. 10 displays mean estimates of
evenly spaced algorithms underestimated

10

for

. During the free-walking condition, the

relative to DFA for short series. By contrast,

overestimated during metronomic walking (range: 0.02 – 0.05). Mean estimates of

was

were

insensitive to k, similar to the simulated and treadmill walking series. The differences between

Fig 10. Mean estimates of for for DFA, esDFA, esaDFA at each level of . Normal freewalking and metronomic walking are presented in the top and bottom panels, respectively, for
each series length.

22
the three algorithms decreased for long series in the free-walking condition. The largest
2

differences between the evenly spaced algorithms and DFA was observed during the metronomic
walking condition for series of 512 points.

4

3.3.2. Effect of k on Uncertainty
Mean estimates of

6

for

are shown in Fig. 11.

increased in the normal and metronomic walking conditions. Similar to the simulated and
treadmill walking series, considerable reductions to

8

Despite these improvements,
relative to DFA.

10

narrowed as series length

remained slightly elevated for both evenly spaced algorithms

was greater for the persistent

compared to the anti-persistent

were observed as k was increased.

series obtained during free-walking

series observed during metronomic walking. These results are

consistent with our observations from the simulated and treadmill walking series. Unlike the

Fig 11. Mean estimates of
for for DFA, esDFA, esaDFA at each level of . Normal freeand metronomic walking are presented in the top and bottom panels, respectively, for each series
length.

23
treadmill walking data, clear differences between esDFA and esaDFA were observed, especially
2

for small k. These differences decreased as k increased.
4. Discussion

4

Guidelines for selecting the number of data points in the diffusion plot, k, for the evenly
spaced DFA algorithms were previously unaddressed. We demonstrate that the selection of

6

marginal impact on the accuracy and consistency of

has

for simulated and experimental series.

However, the most notable contributions of this study are the introduction of confidence limits to
8

quantify measurement uncertainty for single trials and the significant reductions to the
confidence limits of α observed for large values of k. The selection of k requires careful

10

consideration and is strongly tied to the length of the experimental series and timescales of
interest. Below we discuss the implications of our findings, considerations for parameterization,

12

and potential applications for the evenly spaced DFA algorithms.
We begin by discussing the implications of our results as they relate to the accuracy and

14

consistency of α, which was previously explored by Almurad and Delignières [38]. The accuracy
of α is predominantly affected by the classification and correlation structure the analyzed series,

16

but not by k. DFA commonly produces under-additive estimates of
That is, when a fGn series with an expected value of

18

of

is commonly less than the expected value of

=

=

for fBm series [28, 37, 38].

is cumulatively summed, the estimate
. The results presented here

corroborate observations that DFA underestimates α for fBm. The evenly spaced algorithms are
20

equally susceptible to these errors. To combat these issues, several research groups have
suggested a preprocessing step of classifying time series as a fGn or fBm [28, 29, 37]. When an

22

experimental series is identified as a fBm, the integration procedure may be omitted thereby

24
producing unbiased estimations of
2

. Estimating

with confidence limits on a trial-by-trial basis

may therefore facilitate more robust classification of behavioral data.
Both evenly spaced DFA algorithms improve the consistency of α estimates for simulated

4

and experimental series, confirming the findings of Almurad and Delignières [38]. The
improvements to measurement variability observed in this study were substantially lower,

6

ranging from 10 % to 25 %, depending on series length. The source of this discrepancy is related
to the timescales included in the analysis. Almurad and Delignières [38] used

8

= N/2. In the current study, we set

= 10 and

to N/4. To substantiate the improvements to

consistency reported by Almurad and Delignières [38], we reanalyzed the simulated fGn and

Fig. 12. Percent differences of the standard deviation of α for esDFA (top panels) and esaDFA
(bottom panels) with respect to DFA. Red dashed lines represent the 35 % improvements to
consistency reported in Almurad and Delignieres [38].
and
were set to 10 and N/2,
respectively. Means ± standard deviations across values of k and α
are displayed in each panel.

25
fBm series and set
2

to N/2. The range of k values was consistent with the original analysis

(i.e., 10 to 25, 35, or 45 by 5). The results obtained from these analyses are displayed in Fig. 12.
Both evenly spaced algorithms showed greater consistency compared to DFA. These

4

improvements increased for longer series. The esaDFA algorithm produced more consistent
estimates compared to esDFA, particularly for longer series. Thus, similar improvements in

6

measurement consistency, as reported in Almurad and Delignières [38], was achieved by setting
to N/2. Furthermore, increasing

8

will increase

. While we did not explore

increasing k beyond the values used in this study, further decreases to the confidence limits of α
can be expected as k increases. Based on the reanalysis described above, the selection of

10

has considerable influence on measurement consistency and should be selected carefully.
Recommendations for

12

as low as N/9 have been proposed in the literature [48]. However,

for short series, e.g. 256 data points, the maximum timescale would be a mere 28 points. We
used to a maximum timescale of N/4 to 1) incorporate a wider range of timescales in the analysis

14

and 2) to increase the number of intervals included in the computation of
timescales. However, we recommend setting

16

at longer

to N/2 when using the evenly spaced

algorithms to improve consistency across estimates.
To our knowledge, this is the first study to compute confidence limits for α. As

18

mentioned above, computing confidence limits may facilitate better classification of single
behavioral series (e.g., fGn versus fBm or anti-persistent versus persistent). The quality of the

20

–

regression is often assessed by examining the diffusion plot or R2 values. The

importance of visually inspecting the diffusion plot before applying DFA cannot be overstated.
22

Identifying the presence of multiple scaling regions or a nonlinear relationship between
is important for determining whether DFA is appropriate. However, even when the

–

26
diffusion plot contains a linear trend, the measurement uncertainty of α may be large. We
2

observed that larger k values substantially reduce single trial measurement uncertainty. This was
particularly evident for longer time series (e.g., 1024 points). Reductions to

4

are related to two factors. First, the number of points in the diffusion plot determines the degrees
of freedom for selecting the t-score (i.e.,

6

). The t-distribution is leptokurtic (i.e., exhibits

excess positive kurtosis), approaching the normal distribution as the degrees of freedom, -2,
increases, which decreases the associated t-score. Second, the standard error of

8

the mean square error, and the sum of the squared values of
when

10

may not always be optimal. Both evenly spaced

algorithms require the number of points in the diffusion plot, , to be specified in advance. We
depends on timescales of interest and which algorithm is

being used (see Section 2.5 and Supplemental Materials). The esDFA algorithm has slightly
higher limits for

16

. The standard error decreases

in the diffusion plot.

showed that the maximum value of
14

depends on ,

is large. Thus, measurement uncertainty reduces as a function of including more points

Increasing k to values near
12

for longer series

compared to esaDFA. It should be noted that esDFA selects

would normally be contained in the DFA diffusion plot. As

points which

increases, heteroscedasticity and

autocorrelated residuals will reemerge. Given that esDFA incorporates significantly fewer points
18

than DFA, the confidence limits of α will widen, increasing the uncertainty of each estimate. To
explore the effect of increasing

20

beyond the range examined in this study, esDFA was reapplied

to the simulated fGn and fBm series for

values ranging from 10 to 30, 40, or 55 by 5 for series

of 256, 512, and 1024 points, respectively. These values were selected based on their proximity
22

to

. The accuracy of

was unchanged by further increases to . The consistency of

was

similar between small and large values of . The most consistent estimates were observed for

27
moderate values of k. The width of the confidence limits narrow as
2

is increased, but

improvements saturate for longer series and large values of k. Thus, increasing

beyond the

limits examined in this study counteracts a major benefit of esDFA, namely better consistency
4

across estimates. Tradeoffs between maximizing consistency across estimates and minimizing
the uncertainty of single estimates are therefore unavoidable when using esDFA. We recommend

6

careful examination of the effect of

on estimates of

be incorporated into preprocessing

procedures if the esDFA algorithm is used.
8

Almurad and Delignières [38] hypothesized that the esaDFA algorithm should
outperform esDFA based on the observation that the

10

potentially contain information from multiple timescales, thereby averaging out local
fluctuations of

12

points included in the diffusion plot

. Our findings confirm their intuition to an extent. The evenly spaced

algorithms are comparable in terms of accuracy. However, esaDFA produces more consistent
estimates across trials, especially for longer series, and narrower confidence limits for single

14

trials. Overall, esaDFA is preferable to esDFA based on the simulated and experimental time
series analyzed in this study.

16

To address the second aim of the study, we examined the performance of the evenly
spaced DFA algorithms using experimental time series of human locomotor variability. Unlike

18

the simulated time series, no reference value for assessing the accuracy of

exists for the

experimental series. We therefore limited our comparisons to estimates produced by DFA. All
20

experimental series examined in this study were classified as fGn. The evenly spaced algorithms
slightly underestimated α for persistent series and slightly overestimated α for anti-persistent

22

series compared to DFA. These results were observed for treadmill and overground walking and
may indicate that DFA overestimates the degree of persistence or anti-persistence. Conversely,

28
the evenly spaced algorithms may provide more conservative estimates of the correlation
2

structure of fGn series. The evenly spaced algorithms provide similar or better consistency across
estimates from the same subject. However, measurement uncertainty for single trials was slightly

4

elevated compared to DFA for both treadmill and overground walking, but can be combatted by
adjusting

6

and k accordingly (see below). Overall, the benefits of the evenly spaced DFA

algorithms were similar between synthetic fGn series and experimental series of human
locomotor variability.

8

The advantages of improved consistency across measurements and reduced uncertainty
within measurements is beneficial to behavioral researchers, particularly those in clinical settings

10

where patient interaction is time-sensitive. If relatively few trials are collected, especially for
short series, we recommend setting

12

to N/2 and increasing k to

when using esaDFA

because it will improve consistency across trials and reduce uncertainty within trials. If
individual trials are leveraged to increase the degrees of freedom in a statistical analysis, these

14

parameter values will safeguard against unacceptably large confidence limits which may render
individual estimates of

16

meaningless.

In response to a point raised by Almurad and Delignières [38] regarding the utility of
even spacing for the detection of crossover phenomena (e.g., Delignieres, Torre and Bernard

18

[20], Collins and De Luca [21]), the identification of a crossover point would presumably be best
served by increasing the number of points in the diffusion plot to a value near

20

to improve

the resolution of the diffusion plot. Crossovers are particular problematic, especially if the series
under investigation exhibits quasiperiodic trends [49]. However, if a crossover is observed due to

22

the clear presence of a single periodic trend, the timescale at which the scaling behavior changes
may contain important information. Crossovers in postural sway have been interpreted as a

29
bounding of center-of-pressure velocity based on observations of persistent short-term and anti2

persistent long-term dynamics [20]. These observations are consistent with notions of boundaryrelevant postural stability [50-52] and intermittency [53-55]. Shifting of the crossover point may

4

reflect changes to open- and closed-loop regulation of posture, possibly as a function of changing
performance demands. The timescales contained in each scaling region would presumably

6

depend on the implications of postural variability on the maintenance of stance and concurrent
behavioral goals. For example, increasing the precision demands of a concurrent manual task

8

while standing requires greater vigilance of extraneous postural fluctuations. Postural sway
might therefore be corrected more frequently, thereby shifting the crossover point to shorter

10

timescales. Unfortunately, crossover phenomena in postural sway present major difficulties
because the presence of distinct scaling regions strongly depends on the sampling rate and the

12

timescales included in the analysis [53]. Future inquiries into these phenomena may be facilitated
by employing the evenly spaced algorithms and objective methods for identifying the crossover

14

point [56].
5. Conclusion

16

The results of this study, combined with the findings of Almurad and Delignières [38],
provide support for adoption of even spacing when applying DFA. While several contemporary

18

studies have utilized even spacing, the evenly spaced DFA algorithms represent a significant
improvement for estimating the correlation structure of behavioral time series. In general,

20

esaDFA is preferable to esDFA due to improved consistency across trials and reduced
measurement uncertainty within trials. The number of points in the diffusion plot is primarily

22

affects the uncertainty of

within a trial. Increasing

dramatically narrows the confidence

limits of , which may be particularly relevant in experimental settings when single trials are

30
collected. The benefits observed for simulated series transfer to behavioral series, specifically
2

gait variability, but further exploration of the applicability of the evenly spaced DFA algorithms
to behavioral data is warranted. We therefore encourage researchers to examine the efficacy and

4

limitations of these techniques in other domains.
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