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ABSTRACT
Path tracking can be accomplished by separating the con-

trol of the desired trajectory geometry and the control of the path
variable. Existing methods accomplish tracking of up to third-
order geometric properties of planar paths and up to second-
order properties of spatial paths using non-redundant manipu-
lators, but only in special cases. This paper presents a novel
methodology that enables the geometric tracking of a desired
planar or spatial path to any order with any non-redundant
regional manipulator. The governing first-order coordination
equation for a spatial path-tracking problem is developed, the re-
peated differentiation of which generates the coordination equa-
tion of the desired order. In contrast to previous work, the
equations are developed in a fixed global frame rather than a
configuration-dependent canonical frame, providing a signifi-
cant practical advantage. The equations are shown to be linear,
and therefore, computationally efficient. As an example, the re-
sults are applied to a spatial 3-revolute mechanism which tracks
a spatial path.

INTRODUCTION
Spatial path tracking requires that the controlled point on the

end-effector (EE) of a manipulator follow a prescribed spatial
curve. Typically, the task is accomplished by obtaining the in-
stantaneous time-based first- and second-order properties, i.e. ve-

∗Address all correspondence to this author.

locities and accelerations, of the mechanism’s joints via Jacobian
inversion [1]. For planar cases, an alternative approach, devel-
oped in [2], separates the control of the path variable from the
control of the output-space trajectory geometry via curvature the-
ory, providing a time-invariant means of path tracking. Time in-
variance implies the ability to track the output-space path geom-
etry independent of the EE speed. There are no kinematic sin-
gularities in the control of the output-trajectory geometry; they
occur only in the control of the path variable which experiences
a dwell in its trajectory [2]. Therefore, a major advantage of this
method is that it achieves faithful tracking of the output-path ge-
ometry for singular mechanism poses. Further, the time-invariant
solution allows the tracking of the desired EE path at any desired,
feasible speed. This characteristic could be useful in an indus-
trial setting where repetitive operations, such as pick-and-place,
need to be executed at different speeds. This method uses only
local path information that can be gathered using a vision feed-
back system to execute tracking [3], making the approach more
adaptable to external disturbances. The method also reduces the
reliance of the tracking performance on accurate system calibra-
tion since the processes of error sensing and path correction take
place in the output space.

A qth-order geometric path-tracking task requires the instan-
taneous qth-order geometric properties of the motion of the con-
trolled point, P, on the EE to be identical to the instantaneous
qth-order geometric properties of the desired curve. The kine-
matic equations of motion of point P in the general form are
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obtained by considering P to be an arbitrary point in a moving
reference frame and expressing its motion with respect to a fixed
reference frame. The motion is expressed as a function of two
independent motion parameters for planar motion, and three in-
dependent parameters for spatial motion. The existing approach
to planar geometric path tracking in [2] starts by generalizing the
planar 2-degree-of-freedom (DOF) curvature theory [4] to arbi-
trary DOFs and parsimoniously expresses the motion of P as a
function of two arbitrary motion parameters in a canonical ref-
erence frame. The kinematic equations of motion of P are ob-
tained by writing the position vector for P and differentiating it
with respect to the motion parameters. When a particular two-
DOF mechanism is prescribed for the tracking task, the forward
kinematics of the mechanism give the position vector of point P,
and the joint displacements are conveniently chosen as the mo-
tion parameters. To obtain equivalence between the desired path,
a single-DOF object, and the motion of P, as yet a two-DOF ob-
ject, the instantaneous motions of the two joints are constrained
using a Taylor series, the constants of which are called speed ra-
tios. The motion of P is now function of a single joint variable,
and the instantaneous geometric properties of the path of P up to
order q are forced to be identical to the corresponding properties
of the desired curve by appropriately choosing the speed ratios
up to the qth order. Thus, obtaining expressions for the speed ra-
tios as functions of the geometric properties of the desired path
and the mechanism’s current pose is the key to geometric path
tracking.

Most work relating to geometric tracking has been limited
to planar, non-redundant tracking systems. General expressions
for the first- and second-order speed ratios using second-order
information (tangent direction and curvature) of the output path
and the instantaneous invariants of motion have been developed
in [2]. Instantaneous invariants are geometric quantities that nat-
urally occur while obtaining the kinematic equations of motion
[4, 5]. Particular expressions for the ratios for specific mecha-
nisms such as a planar revolute-revolute (RR) system and a non-
holonomic cart system are also provided in [2], and particular
expressions for a planar prismatic-revolute positioner are given
in [6]. The general expression for the third-order ratio for a pla-
nar system tracking constant-curvature paths, and particular ex-
pression for a RR system are developed in [7]. Means to obtain
higher-order speed ratios for planar system tracking an arbitrary
path have not been developed.

Extension of the planar formulation [2] to second-order path
tracking using spatial, non-redundant systems that include a pla-
nar two-DOF subsystem was achieved by [8]. As an exam-
ple, this work provides particular expressions for the first- and
second-order speed ratios of the regional structure (i.e. manipu-
lators used only for translating the EE) of the Stanford Arm (a
rotating RP mechanism). This technique, though, cannot be ex-
tended to arbitrary three-DOF spatial regional systems. Further,
methods to obtain third- and higher-order speed ratios for any

spatial regional mechanism do not exist.
The technique described in this paper differs from previous

methods in three ways. First, since a single-parameter represen-
tation of the EE motion is required for geometric path-tracking,
the position vector of the EE is represented as a function of a
single joint variable. Higher-order kinematic equations of mo-
tion are then obtained by differentiating the position vector with
respect to the single joint variable. Secondly, the Frenet-Serret
(FS) framework is used to describe the differentiated vector as
well as the geometric properties of the desired path. Finally,
this development can be carried out in any convenient reference
frame, and a fixed reference frame is used in this paper in con-
trast to the canonical frame used in previous methods. This is
a significant advantage since the canonical frame, although it
provides parsimony of expression, is a pose-dependent, moving
frame and therefore, unsuitable for the implementation of path-
tracking. Here, parsimony of expression is not sought. Rather,
the focus is on describing the kinematics to any order. This ap-
proach has allowed the development of a novel methodology for
finding the speed ratios of any order, and even though the expres-
sions of the differentiated position vector can get complicated,
the resulting equations of motion are shown to be always linear
in the speed ratios.

The formulation in this paper has the potential to shed light
on the tracking capabilities of spatial mechanisms in singular
poses. It is known that, for planar mechanisms in singular poses,
it is possible to track the geometry of the output path, but the con-
trol of the output-space trajectory geometry is degraded [2]. The
study of the tracking capabilities of spatial mechanisms in first-
and second-order singular poses is a subject of future work, but
it can be shown that it is usually possible to track the desired tra-
jectory tangent when the spatial mechanism is in a singular pose.
This is not possible with time-based approaches to path tracking,
wherein only the feasible component of the commanded output-
space velocity is tracked at a singularity [9]. Thus, superior ge-
ometric tracking accuracy near and at singular poses is a signifi-
cant advantage of geometric path tracking.

An alternative way of obtaining the speed ratios using time-
based joint motions is also described in this paper. The qth−order
speed ratios can be obtained from the qth−order, time-based
joint motions which, in turn, can be obtained by inverting the
qth−order, three-DOF forward-kinematic equation of motion.
[10] provide the canonical system, the forward kinematic equa-
tions of motion, and the instantaneous invariants for spatial mo-
tion with up to five DOF. Therefore, the canonical three-DOF
motion equation can be used to obtain parsimonious expressions
for the speed ratios. However, the use of the canonical system is
unsuitable for the present application. Also, for singular mecha-
nism poses, this method is not useful since the time-based joint
motions cannot be obtained.

The spatial 3-revolute (3R) open chain is used to illustrate
the application of the techniques developed here. The instan-
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taneous kinematics of this mechanism have been studied exten-
sively. For example, the inverse velocity and acceleration solu-
tions for the mechanism are given in [11], and expressions for
the angular velocity, the pitch, and the instantaneous screw axis
of the EE as functions of the first-order speed ratios are obtained
in [12]. Geometric path tracking with the mechanism, though,
has not been done. Also, the 3R chain has been chosen here be-
cause of its morphological similarity to the human arm and the
possible application of the ideas in this paper to human motor-
control of arm motions. It has been observed [13] that the wrist
path during reaching motions to a given target are speed invari-
ant. It has been proposed that the time-invariant approach out-
lined herein may describe how the human central nervous system
achieves such behavior [14].

The rest of the paper is organized as follows. The next sec-
tion outlines the methodology to obtain the speed ratios of any
order via the derivation of the ratios up to order 3. Some special
cases are also discussed here. The following section addresses
some implementation issues and methods to reduce tracking er-
ror. The next section applies the results to obtain the speed ratios
of a spatial 3R mechanism and uses them to track a helical path.
Finally, conclusions are given.

PATH TRACKING VIA JOINT COORDINATION
Notation:

A trailing subscript(s) indicates partial derivative with respect to
the subscript(s). For example, rλ := dr

dλ
. A zero after the sub-

script(s) indicates that the derivative has been evaluated in the
zero position. For example, rλµ0 := ∂2r

∂λ∂µ

∣∣
0. The dot notation in-

dicates derivatives with respect to time t. For example, λ̇ := dλ

dt

∣∣
0.

The symbols n and k always represent the speed ratios with re-
spect to a leading joint variable. A trailing superscript indicates
the order of the ratio. For example, k(3) := d3ν

dλ3

∣∣
0. The superscript

is omitted for the first-order ratios, so n(1) := n.
The desired path is a spatial curve R(s), parameterized in

terms of its arc length s. A general non-redundant manipulator
capable of tracking a spatial curve must have three DOF, the joint
variables of which may be denoted as ν, λ and µ. Without loss
of generality, the instantaneous values of ν, λ and µ are taken to
be zero, which defines the zero position. In the zero position, the
values of the joint variables are denoted by ν0, λ0, and µ0 instead
of the standard Denavit-Hartenberg (DH) parameters θ1, θ2, and
θ3, respectively, to maintain consistency with previous literature
pertaining to geometric tracking [2, 4, 6, 7]. In the zero posi-
tion, the path traced by the position vector of the EE, called the
generated path r, must have the same instantaneous geometric
properties as the desired path. The order to which the geometric
properties are matched determines the order of joint coordina-
tion, or vice-versa. For example, first-order joint coordination
is required to match the first-order property, i.e. tangent direc-

tion, while second-order joint coordination matches the tangent
direction and the center of curvature.

The desired path is described in terms of the natural trihe-
dron of the FS frame [15]. The natural trihedron has a unit tan-
gent vector T̂ , unit principal normal N̂, and binormal B̂ = T̂ × N̂.
The FS formulas relate the trihedral vectors to their rates of
change with respect to the arc length. In matrix form [16],

 dT̂
ds
dN̂
ds
dB̂
ds

=

 0 κ 0
−κ 0 τ

0 −τ 0

T̂
N̂
B̂

 , (1)

where s = 0 at the zero position, κ is the curvature, and τ is the
torsion of the spatial curve. Note that the third-order geometric
property τ appears in Eqn. (1). Therefore, third-order joint co-
ordination is required to fully match the FS description of the
desired path with the generated path. Higher orders of coordina-
tion match the derivatives of κ and τ.

A natural parameterization of the generated path is achieved
via the mechanism’s forward kinematics in terms of the mecha-
nism’s joint variables: r = r(ν,λ,µ). The joint motions are coor-
dinated so that the mechanism effectively has a single DOF. Ar-
bitrarily choosing λ as the independent variable or leading joint,
the joint-coordination equations are

µ = nλ+
n(2)

2
λ

2 +
n(3)

6
λ

3 + . . . ,

ν = kλ+
k(2)

2
λ

2 +
k(3)

6
λ

3 + . . . , (2)

where the speed ratios are defined as

n :=
dµ
dλ

∣∣∣∣∣
0

,n(2) :=
d2µ
dλ2

∣∣∣∣∣
0

,n(3) :=
d3µ
dλ3

∣∣∣∣∣
0

, . . . ,

k :=
dν

dλ

∣∣∣∣∣
0

,k(2) :=
d2ν

dλ2

∣∣∣∣∣
0

,k(3) :=
d3ν

dλ3

∣∣∣∣∣
0

, . . .

There are two ratios for every order of coordination. Although λ

is arbitrarily chosen as the leading joint variable for developing
the arguments in this paper, the choice merits some discussion.
A leading joint must provide finite speed ratios for any desired
order of coordination. A sufficient condition for this is that the
leading joint should have non-zero, finite velocity, i.e. it should
not be at a dwell. This issue is discussed in detail in [17]. Choos-
ing the leading joint allows for the parameterization r = r(λ).
Therefore, the Taylor series expansion of r at the zero position
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can be written as

r(λ) = r0 +λ
dr
dλ

∣∣∣∣∣
0

+
λ2

2
d2r
dλ2

∣∣∣∣∣
0

+
λ3

6
d3r
dλ3

∣∣∣∣∣
0

+ . . .

= r0 +λrλ0 +
λ2

2
rλλ0 +

λ3

6
rλλλ0 + . . . (3)

Note that r0 is the current pose of the mechanism. Also, rλ0 =
rλ0(n,k), rλλ0 = rλλ0(n,k,n(2),k(2)), and so on. The desired order
of joint coordination defines the order at which the Taylor series
in Eqn. (2) and Eqn. (3) are terminated. For non-singular poses,
the order of joint coordination corresponds to the order to which
the geometric properties of the desired and the generated paths
are matched. Discussion of the case when the mechanism’s pose
is singular is a subject of future work.

The order of coordination proceeds in stages from the ze-
roth to the third and higher orders. At each order of coordina-
tion, it is assumed that all lower orders of coordination have been
achieved. For each order of coordination except the zeroth order,
a vector equation involving two unknown speed ratios, called the
coordination equation, is obtained. The coordination equation is
used to obtain the two speed ratios as discussed below.

Zeroth-order Coordination
This involves achieving the appropriate pose of the mecha-

nism by solving the inverse position kinematics problem. In the
foregoing, it is assumed that the EE is on the desired path in the
zero position. This is a reasonable assumption to make, since
the problem of path tracking mainly involves considerations of
derivatives of the position, rather than of position itself. There-
fore, rather than explicitly solve the inverse position kinematics
problem, it is considered solved by virtue of the current pose of
the mechanism.

First-order Coordination
The desired tangent direction is achieved by first-order co-

ordination. From differential geometry,

T̂ = rs0 = rλ0/sλ0,

⇒ rλ0 = sλ0T̂ . (4)

Cross multiplying by T̂ gives

rλ0× T̂ = 0. (5)

Equation (5) is the first-order coordination equation, which sim-
ply states that the vectors rλ0 and T̂ are parallel. It can be solved
for the first-order ratios n and k.

Second-order Coordination
Differentiating Eqn. (4) with respect to the leading joint vari-

able λ and using Eqn. (1) gives

rλλ0 = sλλ0T̂ +(sλ0)
2
κN̂. (6)

From differential geometry,

sλ0 =
√

rλ0 · rλ0.

∴ sλλ0 = rλλ0 · r̂λ0 = rλλ0 · T̂ . (7)

Substituting Eqn. (7) into Eqn. (6) gives

rλλ0 = (rλλ0 · T̂ )T̂ +κ(rλ0 · rλ0)N̂.

Cross multiplying by T̂ and using T̂ × N̂ = B̂ gives

rλλ0× T̂ +κ(rλ0 · rλ0)B̂ = 0. (8)

Equation (8) is the second-order coordination equation. It is used
to obtain the second-order ratios n(2) and k(2).

Third-order Coordination
Differentiating Eqn. (8) gives the third-order coordination

equation,

rλλλ0× T̂ −κτ(rλ0 · rλ0)
3
2 N̂ +[

κs0(rλ0 · rλ0)
3
2 +3κ(rλ0 · rλλ0)

]
B̂ = 0. (9)

Equation (9) is the third-order coordination equation, and it can
be used to solve for the third-order speed ratios n(3) and k(3).

Higher-order Coordination
In general, if the desired path is regular (p−times differen-

tiable), the procedure outlined above can be continued to the pth

order. Equation (4) can be differentiated repeatedly, with each
successive differentiation generating two speed ratios. The ratios
can be obtained from the corresponding coordination equation
of the type seen in Eqn. (5), Eqn. (8), and Eqn. (9). Once all the
speed ratios are obtained, Eqn. (3) is used to generate the path of
the EE as a function of the leading variable λ.

The coordination equations can be described using the fol-
lowing general form. The pth−order coordination equation
states that the cross product of the tangent direction with the
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pth−derivative of r evaluated at the zero position is a known
quantity. Therefore,

r(λλλ...p times)0× T̂ +X = 0, (10)

where the known quantity X is a function of the derivatives
of the kinematic map up to and including the order p− 1 and
the geometric properties of the desired path. Therefore, for the
pth−order coordination equation, only the term r(λλ...p times)0×
T̂ will contain the pth−order speed ratios. Note that Eqn. (10)
has a structure similar to that of the higher-order time derivative
of the function r(ν,λ,µ):

ṙ = Jθ̇,

r̈ = Jθ̈+
[
J̇θ̇

]
,

...
r = J

...
θ +

[
2J̇θ̈+ J̈θ̇

]
, . . . (11)

where J is the Jacobian of r(ν,λ,µ), θ = [ν λ µ]T , and the
bracketed quantities are known. Clearly, each of the equations
in Eqn. (11) is linear in the highest-order joint variable motion.
This linear structure is not lost in the present reparametarization
of the motion, and Appendix 1 shows that the leading term in
Eqn. (10) is linear in the pth−order speed ratios, which is a cru-
cial advantage from the computational point of view. Further,
the coordination equation of any order generates three compo-
nent equations with two unknown speed ratios. Appendix 1 also
shows that the component equations are always consistent1.

Speed Ratios from Time-Based Joint Motions
When the pth−order time-based solution for the joint mo-

tions exists, an alternative way to obtain the speed ratios is by
differentiating the Taylor series in Eqn. (2) with respect to time
t. The differentiation can be carried out using Faa di Bruno’s
formula [18, 19] for the pth−order differentiation of compos-
ite functions. For example, the pth−order differentiation of the
composite function µ(λ(t)) with respect to t is given by

dpµ
dt p = ∑

p!
g1! . . .gp!

· d
gµ

dλg ·
(

dλ/dt
1!

)g1

. . .(
dpλ/dt p

p!

)gp

, (12)

where the sum is over all different solutions in nonnegative inte-
gers g1, . . . ,gp of g1+2g2+ . . .+ pgp = p, and g := g1+ . . .+gp.

1This is true as long as the manipulator is in a non-singular pose, i.e. the
Jacobian in Eqn. (11) is full rank.

Note that g≤ p. Further, in the zero position, the term dgµ
dλg is the

gth−order speed ratio. Also, for g = p,

g1 +g2 + . . .+gp = p,

g1 +2g2 + . . .+ pgp = p,

⇒ g2 +2g3 + . . .+(p−1)gp = 0,
⇒ gi = 0, for i = 2,3, . . . p, and g1 = p.

Therefore, for g = p, the sum in Eqn. (12) reduces to n(p)(λ̇)p in
the zero position. Equation (12) can now be written as

dpµ
dt p

∣∣∣
0
= ∑

p!
g1! . . .gp!

·n(g) ·
(

dλ/dt
1!

)g1

. . .(
dpλ/dt p

p!

)gp

+n(p)(λ̇)p,

⇒ n(p) =
1

(λ̇)p
·
{

dpµ
dt p

∣∣∣
0
−∑

p!
g1! . . .gp!

·n(g)·(
dλ/dt

1!

)g1

. . .

(
dpλ/dt p

p!

)gp}
, (13)

where g ≤ p−1. Equation (13) obtains the pth−order ratio as a
function of the previous p− 1 ratios and the time derivatives of
the joint variables up to the pth−order.

The time-based and the time-independent methods of find-
ing the speed ratios given in this section are equivalent, although
the later provides geometric insight into the process of path track-
ing.

Special Cases
This section addresses two special cases of the FS parame-

terization of the output-space curve.

Tracking Straight Lines If the desired path is a straight
line, the following conditions hold: κ = 0,τ = 0, and all deriva-
tives of κ and τ with respect to s are zero. Also, N̂ and B̂ are not
uniquely defined. As a result, Eqn. (5), Eqn. (8), and Eqn. (9)
reduce to

rλ0× T̂ = 0, (14)
rλλ0× T̂ = 0, and (15)

rλλλ0× T̂ = 0. (16)

Equations (14), (15), and (16) can be solved to obtain the speed
ratios up to the third order. In fact, the pth−order coordination
equation is

r(λλ...p times)0× T̂ = 0.
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Inflection Points on the Desired Path The FS param-
eterization has a singularity at an inflection point (κ = 0) because
a unique principal normal cannot be determined. This difficulty
can be resolved by using limit analysis as demonstrated in [20].
Here, the curvature of the desired path R is approximated by a
linear function of the arc length in the vicinity of the inflection
point. The function is substituted into the expression for the nor-
mal vector N̂ = Rss0

κ(s) . The limit, obtained via use of de l’Hôpital’s
rule, gives the principal normal (for |Rsss0| 6= 0). The first- and
second-order coordination equations for this case are the same as
Eqn. (14) and Eqn. (15), respectively. The third-order coordina-
tion equation is

rλλλ0× T̂ +κs0(rλ0 · rλ0)
3
2 B̂ = 0.

IMPLEMENTATION ISSUES
The Taylor series relating the motion of the mechanism’s

joints is valid instantaneously. As the mechanism moves from its
zero position, the controlled point on the EE moves away from
the desired path, thus creating error in the tracking. Although
the rate of increase in error with respect to the leading-joint mo-
tion is significantly lower for higher orders of joint coordination,
it cannot be eliminated. Therefore, some mechanism for inter-
mittent correction is essential for controlling the accumulating
error away from the zero position. Corrective algorithms using
error sensing in the output space have been suggested for planar
path tracking [21] and for spatial systems [17]. Here, the system
senses the position error, which is the minimum distance between
the desired path and the current position of the controlled point.
Corrective action is taken if a predefined error limit is exceeded.
The corrective action involves locally defining a new desired path
such that further motion of the mechanism reduces the position
error. Although [21] and [17] demonstrate the feasibility of such
a corrective algorithm, how to optimally define the new desired
path and ensure stability remain open questions.

ILLUSTRATIVE EXAMPLE
The spatial 3R mechanism shown in Fig. 1 is used here to

illustrate the path-tracking approach outlined in this paper. This
system is in fact a three-DOF system with a planar subsystem
and of the kind investigated in [8]. The mechanism has two rev-
olute joints whose axes intersect orthogonally at point A∗ and a
third revolute joint whose axis passes through point A and is par-
allel to the distal interior joint axis. The fixed coordinate frame
is placed at A∗ with the Z axis oriented along the joint axis de-
noted by joint angle ν. The DH parameters for this mechanism
geometry are a1 = 0,α1 =

π

2 ,α2 = 0,α3 = 0,d2 = 0, and d3 = 0.
With the origin of the reference frame at point A∗ the parame-
ter d1 = 0. The joint angles of the revolute joints are denoted

 P 

r 

A* 

Z 

X 

λ 
A 

ν 

ν0 

λ0 

µ 
µ0 

T  

Desired 
path 

Y 

N 

a2 

a3 

B 

Q 

Figure 1. THE SPATIAL 3R MECHANISM IS REQUIRED TO TRACK
THE DESIRED PATH. THE VECTORS T̂ , N̂, AND B̂ FORM THE TRI-
HEDRON OF THE FS FRAME AND DESCRIBE THE PATH GEOME-
TRY. THE GEOMETRY IS TRACKED BY RELATING THE MOTIONS OF
JOINT VARIABLES µ AND ν TO THAT OF JOINT VARIABLE λ.

by θ1 = ν0, θ2 = λ0, and θ3 = µ0, defining the current pose and
the zero position of the mechanism, wherein the speed ratios are
calculated. The increments in these angles are ν, λ, and µ, re-
spectively, which are all zero in the zero position.

The desired path is shown in Fig. 1. The EE, denoted by
point P, is assumed to be on the desired path in the zero position.
The natural trihedron of the desired path at point P is the unit
tangent T̂ , the unit normal N̂, and the binormal B̂. The curvature
κ, torsion τ, and quantity κs0 are not shown in the figure.

For the purpose of obtaining the speed ratios, λ is chosen
as the leading joint angle. The position vector r of the EE is
expressed using the forward kinematics of the mechanism as a
function of λ as

r(λ) =

a2Cλ0+λCν0+ν(λ)+a3CψCν0+ν(λ)

a2Cλ0+λSν0+ν(λ)+a3CψSν0+ν(λ)

a2Sλ0+λ +a3Sψ

 , (17)

where a2 and a3 are the link lengths, ψ = λ0 + µ0 + λ+ µ(λ),
and the functions µ(λ) and ν(λ) are the Taylor series given by
Eqn. (2). ‘C’ and ‘S’ denote the cos and sine functions for the
remainder of the paper. The derivatives of µ and ν with respect
to the leading joint variable λ, evaluated in the zero position, are
the speed ratios of the mechanism, as defined in Eqn. (3).

For third-order coordination, Eqn. (17) is differentiated with
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Desired Path
1st-order tracking
2 nd-order tracking
3 rd-order tracking

P

Figure 2. THE PATHS TRACED BY POINT P ON THE EE OF THE
3R MECHANISM FOR FIRST-, SECOND-, AND THIRD-ORDER JOINT
COORDINATION ARE SHOWN. HIGHER ORDER OF JOINT COOR-
DINATION RESULTS IN P FOLLOWING THE DESIRED PATH MORE
CLOSELY NEAR THE ZERO POSITION.

respect to the leading joint variable λ three times to give

rλ0 =



−a2Sλ0Cν0 −a2kCλ0Sν0

−a3(1+n)Sψ0Cν0 −a3kCψ0Sν0

−a2Sλ0Sν0 +a2kCλ0Cν0

−a3(1+n)Sψ0Sν0 +a3kCψ0Cν0

a2Cλ0 +a3(1+n)Cψ0


, (18)

rλλ0 = A+n(2)D+ k(2)H, (19)

rλλλ0 =
(

Aλ +n(2)Dλ + k(2)Hλ

)
+

n(3)D+ k(3)H, (20)

where ψ0 = λ0+µ0, and the components of the vectors A, D, and
H are functions of the current pose, link lengths and the ratios n
and k, and the components of the vectors Aλ, Dλ, and Hλ are
functions of the current pose, link lengths, and ratios n, k,n(2),
and k(2). These functions are given in Appendix 2.

Equation (18) is substituted into Eqn. (5) to get the first-
order speed ratios

n =−
a2[T (1)Cν0Cλ0 +T (2)Sν0Cλ0 +T (3)Sλ0 ]

a3[T (1)Cν0Cψ0 +T (2)Sν0Cψ0 +T (3)Sψ0 ]
−1,

and

k =
a2Sµ0 [T (2)Cν0 −T (1)Sν0 ]

|Q|[T (1)Cν0Cψ0 +T (2)Sν0Cψ0 +T (3)Sψ0 ]
,

where Q is the projection of the position vector r onto the XY
plane as shown in Fig. 1 such that |Q|= a2Cλ0 +a3Cψ0 .

Substituting Eqn. (19) into Eqn. (8) and Eqn. (20) into
Eqn. (9) gives

[
D× T̂ H× T̂

][n(2)

k(2)

]
= Ψ1, (21)

[
D× T̂ H× T̂

][n(3)

k(3)

]
= Ψ2, (22)

where,

Ψ1 = −A× T̂ −κ(rλ0 · rλ0)B̂,

Ψ2 = −(Aλ +n(2)Dλ + k(2)Hλ)× T̂

+κτ(rλ0 · rλ0)
3
2 N̂−

[
κs0(rλ0 · rλ0)

3
2

+3κ(rλ0 · rλλ0)] B̂.

Note that Ψ1 and Ψ2 are known quantities. Any two equations
from Eqn. (21) can be solved for the ratios n(2) and k(2), and
likewise, any two equations from Eqn. (22) can be solved for
the third-order ratios n(3) and k(3). Appendix 1 shows that the
component equations of Eqn. (21) and Eqn. (22) are always con-
sistent.

These results are illustrated by means of a particular tracking
task. The mechanism is defined with link lengths a2 = 1 and
a3 = 1.5 and initial pose ν0 = 40◦, µ0 = 70◦, and λ0 = 10◦. Note
that any unit of length for a2 and a3 will be appropriate. The
desired path is a helix given in terms of its arc length s as

R(s) =
[

cos(
s√
2
)+1 sin(

s√
2
)

s√
2

]T

+ r0, (23)

where r0 is the current position of point P. Equation (23) ensures
that P is on the desired path at the zero position. The curvature
κ = 1

2 , the torsion τ = 1
2 , and κs0 = 0. Also, T̂ = [0 1√

2
1√
2
]T ,

N̂ = [−1 0 0]T , and B̂ = [0 − 1√
2

1√
2
] T . The speed ratios

are,

n =−1.4905, n(2) =−0.2985, n(3) = 0.3481,
k = 0.5272, k(2) =−0.4606, k(3) =−0.5945.

Note that the first- and second-order speed ratios could also
be obtained using Eqn. (13) and the inverse velocity and accel-
eration solutions given by [11] since the mechanism is not in a
singular pose.

Figure 2 shows the desired helical path and the tracking re-
sults for the first, second, and third orders. The generated paths
are plotted for λ = 0 (zero position) to λ =+50◦ and λ =−60◦.
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Figure 3. TRACKING ERROR IS THE MINIMUM DISTANCE OF P
FROM THE DESIRED PATH. ERROR INCREASES AS P MOVES AWAY
FROM THE ZERO POSITION. HIGHER ORDER JOINT COORDINA-
TION RESULTS IN LOWER ERROR NEAR THE ZERO POSITION.

The cross-hairs intersecting at point P indicate the natural trihe-
dron of the helix. Figure 3 plots the tracking error against the
arc length of the helix for the three tracking results. The error
is defined as the minimum distance between the current position
of P and the desired helical path. Error is calculated after every
10−3-degree increment in λ. Figure 3 clearly shows that near
the zero position s = 0, a higher order of coordination results in
significantly lower position error.

CONCLUSIONS

This paper presents a novel method for finding the speed ra-
tios of any order of any spatial or planar non-redundant regional
mechanism using a fixed coordinate frame. The Frenet-Serret pa-
rameterization is used to describe the desired path. Repeated dif-
ferentiation of the forward kinematic map of the mechanism pro-
vides a description of the generated path, and its comparison to
the desired path generates coordination equations that are linear
in the speed ratios. A 3R spatial mechanism is used to illustrate
the technique. A numerical example is presented wherein the 3R
mechanism tracks a desired helical path using first-, second- and
third-order joint coordination. Higher order joint coordination
results in significantly lower position error near the zero posi-
tion.
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Appendix A

It is shown that the pth−order coordination equation is al-
ways linear in the pth−order speed ratios. The forward kinematic
map can be viewed as a composite function with a vector argu-
ment: r(λ) = r(ν(λ),λ(λ),µ(λ),), where λ(λ) = λ and µ(λ) and
ν(λ) are the Taylor series given by Eqn. (2). When all the ap-
propriate derivatives are defined, the generalized Faa-di-Bruno
formula is used to obtain the pth-derivative of a component rm

(m = 1,2,3) of r(λ) as [22],

dprm

dλp = ∑
0

∑
1

∑
2
. . .∑

p
(

p!

∏
p
i=1 (i!)

gi
∏

p
i=1 ∏

3
i=1 qip!

�

∂ f rm

∂λp1∂µp2∂νp3
)

×
p

∏
i=1

(λ(i))qi1(µ(i))qi2(ν(i))qi3 , (24)

where the respective sums are over all non-negative integer solu-
tions of the Diophantine equations as follows

∑
0
→ g1 +2g2 +3g3 + . . .+ pgp = p,

∑
1
→ q11 +q12 +q13 = g1,

∑
2
→ q21 +q22 +q23 = g2,

...

∑
p
→ qp1 +qp2 +qp3 = gp, (25)

and p1, p2, and p3, the orders of partial derivatives with respect to
λ,µ, and ν, respectively, and f , the order of the partial derivative,
are

pe = q1e +q2e + . . .+qpe, e = 1,2,3,

f = p1 + p2 + p3 =
p

∑
i=1

gi,

and µ(i) := diµ
dλi . Thus, only the last term in Eqn. (24) consists

of the speed ratios. The condition i = p gives the highest-order
speed ratio. Next, note that the sum Σ0 in Eqn. (25) implies that
gp can have no solution other than gp = 0 or 1. This, along with
the sum Σp in Eqn. (25) implies that only one of the powers
qp1,qp2, and qp3 can equal 1, and the other two must be zero.
Therefore, for i = p, only one of the speed ratios in the last term
of Eqn. (24) will remain and the others will equal 1. Therefore,
the pth−derivative of rm will be linear in the pth−order speed
ratios.

Next, it is shown that the three component equations of
a coordination equation of any order are consistent. Note
that Eqn. (10) implies that X is normal to T̂ . Next, since
r(λλλ...p times)0 is linear in the pth−order speed ratios, let

r(λλλ...p times)0 =

u1n(p)+ v1k(p)+w1

u2n(p)+ v2k(p)+w2

u3n(p)+ v3k(p)+w3

 ,
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where ui,vi and wi are scalars. Then, the determinant corre-
sponding to the system of equations in Eqn. (10) is given by,

det = (X · T̂ )(T̂ ·

u2v3−u3v2
u3v1−u1v3
u1v2−u2v1

).

Since X is always normal to T̂ , the term X · T̂ = 0, ⇒ det = 0.
Therefore, the component equations of the coordination equation
of any order are always consistent. Note that this result holds for
non-singular poses of the mechanism, i.e. when the Jacobian in
Eqn. (11) is full rank.

Appendix B

The functions appearing in Eqn. (19) and Eqn. (20) are de-
fined here.

A(1) = −a2Cλ0Cν0 + k(2a2Sλ0Sν0)

−k2(a2Cλ0Cν0 +a3Cψ0Cν0)

+(1+n)(2a3kSψ0Sν0)− (1+n)2(a3Cψ0Cν0),

A(2) = −a2Cλ0Sν0 − k(2a2Sλ0Cν0)

−k2(a2Cλ0Sν0 +a3Cψ0Sν0)

−(1+n)(2a3kSψ0Cν0)− (1+n)2(a3Cψ0Sν0),

A(3) = −a2Sλ0 −a3(1+n)2Sψ0 ,

D(1) = −a3Sψ0Cν0 , D(2) =−a3Sψ0Sν0 , D(3) = a3Cψ0 ,

H(1) = −|Q|Sν0 , H(2) = |Q|Cν0 , H(3) = 0.

Aλ(1) = a2Sλ0Cν0 +3a2kCλ0 Sν0 +2k(2)a2Sλ0Sν0

+3k2a2Sλ0Cν0 −2kk(2)Cν0 |Q|+ k3Sν0 |Q|
+3(1+n)k2a3Sψ0Cν0 +3(1+n)2ka3Cψ0Sν0

+2(1+n)k(2)a3Sψ0Sν0 −2(1+n)n(2)a3Cψ0Cν0

+(1+n)3a3Sψ0Cν0 +2n(2)ka3Sψ0Sν0 ,

Aλ(2) = a2Sλ0Sν0 −3a2kCλ0Cν0 −2k(2)a2Sλ0Cν0

+3k2a2Sλ0Sν0 −2kk(2)Sν0 |Q|− k3Cν0 |Q|
+3(1+n)k2a3Sψ0Sν0 −3(1+n)2ka3Cψ0Cν0

−2(1+n)k(2)a3Sψ0Cν0 −2(1+n)n(2)a3Cψ0Sν0

+(1+n)3a3Sψ0Sν0 −2n(2)ka3Sψ0Cν0 ,

Aλ(3) = −a2Cλ0 −2a3(1+n)n(2)Sψ0 −a3(1+n)3Cψ0 ,

Dλ(1) = −a3(1+n)Cψ0Cν0 +a3kSψ0Sν0 ,

Dλ(2) = −a3(1+n)Cψ0Sν0 −a3kSψ0Cν0 ,

Dλ(3) = −a3(1+n)Sψ0 ,

Hλ(1) = [a2Sλ0 +a3(1+n)Sψ0 ]Sν0 − k(2)|Q|Cν0 ,

Hλ(2) = [a2Sλ0 +a3(1+n)Sψ0 ]Cν0 − k(2)|Q|Sν0 ,

Hλ(3) = 0.
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