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Test Problem 1 – 20 points 
 
The longitudinal motion of the rod shown below is described by u(x,t). The rod has length L, 
mass density r, cross sectional area A. Where the cross sectional varies as 
 

, 
at x=L a lumped mass, m, is attached to beam.  Attached to the lumped mass are two springs of 
stiffness k.  

 
 

 
 
 
a) State the geometric boundary conditions at x=0, and derive the natural boundary conditions at 

x=L. For the natural boundary conditions an accurate Freebody diagram must be provided 
and used in the derivations. 
 

b) Write governing partial differential equation of motion for the system. No FBD diagram is 
needed answer. 

 
c) Assuming a spatiotemporal solution for u(x, t) = U(x)T(t), Convert the boundary conditions 

found in a) to spatial boundary in terms of U(x) and its associated spatial derivatives. Do not 
find the characteristic equation. 
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A 2-DOF system has the following equations of motion 
 

. 
 

where m and k have units of kg and N/m, respectively. The system is given a set of initial 
conditions of x1(0) = x2(0) = x0 =0 and !̇1(0) = !̇2(0) = v0. Find !⃗(%). 
 
 
Bonus (3 points): If damping is added to the system the equation of motion can be written as 
 

 
 

Is the system proportionally damped?  You must justify your answer to receive credit. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ME 563 - Fall 2023                                                                     Name_______________ 
Test Problem 2  Additional Page 
 

assume x ̅ I e int 1stfindnaturalfrequencies andmode shapes

rewrite

m I 8 far E 8

II I am
8 next set determinant too

2W 214m 2202 214m 312m 0 W 1814m I 1814m 44 3 7m

4204 420214m 400214m 3k2g 0
214

W 114m I 14m 11 14m

4204 820214m 10 2 0

m 14m 3214m W E Fm and Wz E Em



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

M
w 2 1 8 1 2W 214m 114m 0

km

14m

at W W EmI
I 2 214m iii mm I

at w Wa E Fm

Liam.am I I

Evaluate e and s constants

a and ca are zero since Éco 8

5 I m TO
w my

3mL I 13
will 13m18 WE 13 M F

Se I m TO
WE m I

13m18

WE 3mL I
31 3
13 3

A 4 sina.tn sin FEMME
1

Bonus C 2 M BIG

6 212 1312
2 210 BC 1 1B 2 and 2 1

with 4 212 B 2
4 112 212 6

Not proportionally damped



ME 563 - Fall 2023                                                                    Name_______________ 
Test Problem 3 -30 points 
 
 
A 2-DOF system has the following mass matrix: 
 

 , 
 
with modal/natural frequencies of  
 

 
 
In addition, the modes shapes are given by: 
 

 
 
 

a) Find the mass normalized modes shapes of the system. 
 

b)  Use the mass normalized mode shapes to find the stiffness matrix of the system. 
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You have 3 equations and 3 unknowns
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