
 

Problem I

Nfct
b All calculations done in

MATLAB and the expressions
a may differ from handcalculations

due to the simplification

173 T
7

Approximate Fct as a Fourier series

Fct 7 fo t Z fansin a re t fancos n re
na

fo 4Jot fade It Sotto a de Sfbde
fo 1

3 Cat 2b

fan 2,4J Alt sinnrede

fan 7T J asinnrede t bsinnrede

2
Asin 2asin 21173N 4bcos 243 cos 21m35 1

fan 2,4gotAct cosnrede

fan_2K gottsacosnrt.de bcosnrede

fan Yn asin Tints t b 25in 21h13 45in 21m35



Now solving the equation
mix coax thx Act alot_oxo and nilo Vo

using the convolution integral
The force can be written as a piecewise function

ACH dy
i OE te 43

73 E E E T

from OE te Tfs

Nce e
BWF

Mocoswde T Vo 1 Town sin Nde
Wd

t 79
Jo fee e Saint sin WdCE a de

Mwd

Nce e
BWF

Mocoswde T Vo 1 Town sin Nde
Wd

a a e
5W

wdcoswd ctwnss.in Nde
aMWn MWdWn2

from OE e CT

Nce e
BWF

Mocoswde T Vo 1 Town sin Nde
Wd

173 9

Jo fee e Saint sin WdCE a de
Mwd

T b

t fo FCK e Saint sin WdCE a de
Mwd



Act ESME Nocoswde t Luo t Nown sin Nde
Wd

c Do a b 0204
WH m WIWn

Sense
a e Wd cos Nde t 3Wn SM Nde

MwdWor

Oz e 3Wh let 43

04 Wd cos Wd Tfs E Swa sin Wd Iz e



Now solving the equation
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Using a Fourier series
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and for the Fourier series
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% Oscillator Parameters
close all
mass    =  1;
damp    =  2;
stiff   =  100;
 
% Mass Normalization
Omega_n =  sqrt(stiff/mass);
Zeta    =  damp/2*1/sqrt(mass*stiff);
Omega_d =  Omega_n*sqrt(1-Zeta^2);
 
% Initial Conditions 
X0      =  0.1;
V0      = -1.0;
 
% Force Parameters
a_actual = 10;
b_actual = 20;
T_actual = 4;
Omega_actual = 2*pi/T_actual;
 
% Define Force to Plot
F_actual = [a_actual a_actual b_actual b_actual];
t_actual = [0 T_actual/3 T_actual/3 T_actual];
 
figure(1);
line(t_actual, F_actual, 'color', 'r', 'linewidth',2)
ylabel('F(t)')
xlabel('t(s)')
box on
 
syms a b T t Omega real
syms n integer
 
 
%% Fourier Series %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Constant Term
fo = 1/T*(int(a,t,[0,T/3])+ int(b, t,[T/3,T]));
fo = simplify(fo)
fof = matlabFunction(fo); % Change to a function
fo;
% Cosine Term
fc1 = 2/T*int(a*cos(n*2*pi/T*t), t,[0,T/3]);
fc2 = 2/T*int(b*cos(n*2*pi/T*t), t,[T/3,T]);
assume(n,'integer')
fc1 = simplify(fc1);
fc2 = simplify(fc2);
fc  = fc1 + fc2;
fcf = matlabFunction(fc);
fc
% Sine Term
fxp1 = 2/T*int(a*sin(n*2*pi/T*t),t,[0,T/3]);
fxp2 = 2/T*int(b*sin(n*2*pi/T*t), t,[T/3,T]);
fxp1 = simplify(fxp1);
fxp2 = simplify(fxp2);
fs   = fxp1 + fxp2;
fsf  = matlabFunction(fs); % convert to inline function
fs
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% Number of Fourier Terms
Nv = [5 10 100 1000 10000];
tv = linspace(0, T_actual, 400);
 
for i  = 1:length(Nv)
    N  = Nv(i);
    Fo = fof(a_actual, b_actual);
    Fs = 0;
    Fc = 0;
    for nv = 1:N
        Fs = Fs + fsf(a_actual, b_actual, nv)*sin(nv*2*pi*tv/T_actual);
        Fc = Fc + fcf(a_actual, b_actual, nv)*cos(nv*2*pi*tv/T_actual);
    end
    
    F_fourier = Fo+Fs+Fc;
    
    figure(2)
    line(tv, F_fourier, 'color', 'k', 'linewidth', 1)
    box on
    axis([0 4 0 25])
end
line(t_actual, F_actual, 'color', 'r', 'linewidth',2)
xlabel('t(sec)')
ylabel('F(t)')
 
 
%% Convolution Integral
syms h m zeta omega_n omega_d tau a b  x0 v0 reals
assume(zeta>0 & zeta<1)
 
h   = exp(-zeta*omega_n*(t-tau))*1/(m*omega_d)*sin(omega_d*(t-tau));
 
xh  = exp(-zeta*omega_n*t)*((zeta*omega_n*x0+v0)/(omega_d)*sin(omega_d*t)+x0*cos
(omega_d*t))
 
x1  = int(a*h,tau,[0,t]);
x1  = simplify(x1+xh)       %Add in homogenous solution
x1c = matlabFunction(x1) %Convert to Matlab Function
 
x2a  = int(a*h,tau,[0,T/3]);
x2b  = int(b*h,tau,[T/3,t]);
x2   = simplify(x2a+x2b+xh)
x2c  = matlabFunction(x2) %Convert to Matlab Function
 
 
%% Harmonic Balance with Fourier Series
syms x(t) FFo FFsn FFcn C1 C2 An Bn C A0 B0 xo vo
 
% Homogenous Solution
xhf     = exp(-zeta*omega_n*t)*(A0*cos(omega_d*t) + B0*sin(omega_d*t));
Dxhf    = diff(xhf,t) 
 
% Particular Soution
xpf    = C+ An*sin(n*Omega*t) + Bn*cos(n*Omega*t)
Dxpf   = diff(xpf,t)
Dx2xpf = diff(Dxpf,t)
 
Eqn1 = Dx2xpf + 2*zeta*omega_n*Dxpf +omega_n^2*xpf -(FFo + FFsn*sin(n*Omega*t) + FFcn*cos
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(n*Omega*t))
 
Sin_terms = coeffs(Eqn1, sin(n*Omega*t));
Sin_terms = Sin_terms(2)
 
Cos_terms = coeffs(Eqn1, cos(n*Omega*t));
Cos_terms = Cos_terms(2)
 
Constant_terms = subs(Eqn1, [sin(n*Omega*t) cos(n*Omega*t)],[0, 0])
 
Csol = solve(Constant_terms ==0,C)
Sol=solve(Sin_terms==0, Cos_terms==0,[An Bn])
 
ASol=Sol.An;
BSol=Sol.Bn;
 
%IC homogeneous 
xho=subs(xhf,t,0)
vho=subs(Dxhf,t,0)
 
AAn = matlabFunction(ASol)
BBn = matlabFunction(BSol)
 
for ii = 1:length(Nv)
    
    N    = Nv(ii);
    Xpf  = 0; % The particular solution
    Xpfo = 0; % Particular solution
    Vpfo = 0;
    
    for nv = 1:N
        fsn  = fsf(a_actual, b_actual, nv);
        fcn  = fcf(a_actual, b_actual, nv);
        an   = AAn(fcn, fsn, Omega_actual, nv, Omega_n, Zeta);
        bn   = BBn(fcn, fsn, Omega_actual, nv, Omega_n, Zeta);
        
        Xpf  = Xpf + an*sin(nv*Omega_actual*tv) + bn*cos(nv*Omega_actual*tv);
        
        Xpfo = Xpfo + bn;
        Vpfo = Vpfo + an*nv*Omega_actual;
    end
    fon  = fof(a_actual, b_actual);
    Xpfo = Xpfo + fon/Omega_n^2;
    Xpf  = Xpf  + fon/Omega_n^2;
    
    F   = [X0-Xpfo;V0-Vpfo];
    IcM = [1 0; -Omega_n*Zeta Omega_d];
    Icv = IcM\F;
    
    Ao=Icv(1);
    Bo=Icv(2);
    
    Xf = exp(-Zeta*Omega_n*tv).*(Ao*cos(Omega_d*tv) + Bo*sin(Omega_d*tv));
    Xf = Xf + Xpf;
    
    %Time Vectors for Convolutions- notreally efficient to put in the loop
    %but it makes the code easier to read
    tv1  = linspace(0,T_actual/3,100);
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    tv2  = linspace(T_actual/3,T_actual,100);
    X1c  = x1c(a_actual, mass, Omega_d, Omega_n, tv1, V0, X0, Zeta);
    X2c  = x2c(T_actual, a_actual, b_actual, mass, Omega_d, Omega_n, tv2, V0, X0, Zeta);
    
    figure(3)
    subplot(length(Nv),1,ii)
    title(['N = ',num2str(N),' terms'])
    line(tv1,X1c,'color','k') % Plot 0<t<T/3 Convolution
    line(tv2,X2c,'color','r') % Plot T/3<t<T Convolution
    line(tv,Xf,'color','b')   % Plot Fourier Series
    box on 
end
xlabel('t(sec)')
 
box on
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close all
clear all
clc
 
fprintf(['\n\n\nStarting file >>' mfilename '<< at ' datestr(now,0) '\n\n']); 
format long
strp = [0 0 1; 0.5 0.5 0.8; 0 0.5 0.6; 0 0.5 0.4; 0 0.5 0.2];
syms m k omega mu zeta Fo
 
FS =12;
 
% Free Vibration Analysis
MM = [ 7/2 -1/2 0 ;
      -1/2  3/2 0 ;
       0    0    5 ];
   
CC = [ 1  0  0;
       0  0  0;
       0  0  1];
   
 KK = [1   0   0 ;
       0   3  -1 ;
       0  -1   1 ];
 
[X,d] =eig(KK, MM); 
[omegan,id] = sort(sqrt(diag(d)))
X= X(:,id)
 
% Symbolic analysis  for CE
MMs = m*MM
KKs = k*KK
 
Mass  =-mu^2*MM
Damp  = zeta*i*mu*CC
Stiff = KK
 
DD    = Mass+Damp+Stiff
Delta = simplify(det(DD)) 
 
%Cramer's Rule
DD1      = DD;
DD1(1,1) = 0; DD1(2,1) = 0; DD1(3,1)= Fo
Delta1   = simplify(det(DD1))
 
DD2      = DD;
DD2(1,2) = 0; DD2(2,2) = 0; DD2(3,2)= Fo
Delta2   = simplify(det(DD2))
 
DD3      = DD;
DD3(1,3) = 0; DD3(2,3) = 0; DD3(3,3)= Fo
Delta3   = simplify(det(DD3))
 
 
% Steady State Amplitudes
zeta_v = [0,0.2,0.5,0.7];
mu_v   = linspace(0, 5, 1000)';
 
for ii = 1:length(zeta_v)
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    zeta = zeta_v(ii);
    for jj = 1:length(mu_v)
        H       = -mu_v(jj)^2*MM + i*zeta*mu_v(jj)*CC + KK;
        Y(:,jj) = inv(H)*[0;0;1];
    end
    
    figure(1)
    subplot(1,3,1)
    line(mu_v, abs(Y(1,:)), 'color' , strp(ii,:)),hold on
    axis([0,2,0,5]),xlabel('\Omega /sqrt(k/m)'),ylabel('k|Y_1|/f_0')
    box on
    axis square
    
    subplot(1,3,2)
    line(mu_v, abs(Y(2,:)), 'color' , strp(ii,:)),hold on
    axis([0,2,0,5]),xlabel('\Omega /sqrt(k/m)'),ylabel('k|Y_2|/f_0')
    box on
    axis square
    
    subplot(1,3,3)
    line(mu_v, abs(Y(3,:)), 'color' , strp(ii,:)),hold on
    axis([0,2,0,5]),xlabel('\Omega /sqrt(k/m)'),ylabel('k|Y_3|/f_0')
    box on
    axis square
end
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clc
clear
close all
fprintf(['\n\n\nStarting file >>' mfilename '<< at ' datestr(now,0) '\n\n']); 
format long
% Exam 2 Problem 3
 
% x= Beta*L
syms B x l a b c d M E I w rho L A BL alpha
 
W = a*(cosh(B*x)-cos(B*x))+b*(sinh(B*x)-sin(B*x))
 
% Write as matrix pull out coefficents
BC11 = cosh(BL)+cos(BL);
BC12 = sinh(BL)+sin(BL);
BC21 = (BL).^3.*(sinh(BL)-sin(BL))+((BL).^4 - alpha).*(cosh(BL)-cos(BL));
BC22 = (BL).^3.*(cosh(BL)+cos(BL))+((BL).^4 - alpha).*(sinh(BL)-sin(BL));
 
BC   = [BC11 BC12; BC21 BC22];
 
CE    = simplify(det(BC));
CE    = matlabFunction(CE);
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
alpha = 0;
CEfun = @(BL) CE(BL,alpha); % This is for optimization 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
BL    = linspace(0,5*pi,10^4);
CEv   = CE(BL,alpha);
 
% This CE does not have  plot that we can easily identify our iniitial
% guess
% In order to get initial guess we look at places where the is a sign
% change in the CE
[Val1, loc1] = find(abs(diff(sign(CEv)))==2); % This time loc1 is indices
%
figure
plot(BL(1:end),sign(CEv),'r')
axis([0 inf -1.2 1.2])
 
% Initial Guesses
x0v = BL(loc1);
options_all=[];
% set your length L
L=1;
for i =1:5
    x0 = x0v(i);
    fprintf(['\n\n\n >> Mode' num2str(i) '<<  \n\n']); 
    % Fzero
    [xval, fval, exitflag] = fzero(CEfun, x0, options_all);
    betaL(i) = xval;%This is Beta*L
    beta(i)  = betaL(i)/L; % THis is Beta
    
end
%Solve for Modeshapes
%solve fofr a constant
bsol = -BC11/BC12;
%plug into W(x)
Wmode= simplify(subs(W,b,bsol));



12/12/20 11:30 PM /Users/jgibert/Dropb.../Exam2_P3script.m 2 of 2

pretty(Wmode)
%Plot mode shapes
x  =linspace(0,L,100);
figure
for i =1:5
    B  = beta(i);
    BL = betaL(i);
    a  = 1;
    WmodeP = eval(Wmode);
    Wmax   = max(abs(WmodeP));
    WmodeP = WmodeP/Wmax;
    subplot(5,1,i)
    line(x,WmodeP,'linewidth',2,'color','k')
    xlabel('x')
    ylabel(['W_',num2str(i),'(x)'])
    title(['\beta L = ', num2str(BL)])
    box on
end
    
 
 
 
 


