
Problem 7.1 

 
A thin homogeneous bar, AB, of mass m, is pinned to arm OA. Arm OA is welded to the 
vertical shaft, as shown. The vertical shaft is constrained to be rotating with a constant 
speed of Ω . Derive the differential equation of motion of arm AB in terms of the angle 
θ . 
 
SOLUTION 
Kinematics 
  

!
ω = ΩĴ − "θ k̂= angular velocity of bar AB 

 
		 
!
α = d

!
ω
dt

= − ""θk̂− "θ( !ω × k̂)= angular acceleration of bar AB 

From figure: 		Ĵ = −sinθ î + cosθ ĵ . Therefore, 

 		 
!
ω = −Ωsinθ î +Ωcosθ ĵ − "θk̂  

 
		 

!
α = − ""θk̂− "θ(−Ωsinθ î +Ωcosθ ĵ − "θk̂)× k̂
= − "θΩcosθ î − "θΩsinθ ĵ − ""θk̂

 

 

		 

!aG =
!aA +
!
α × !rG/A +

!
ω ×( !ω × !rG/A)

= −LΩ2I +(− "θΩcosθ î − "θΩsinθ ĵ − ""θk̂)× L
2 i

⎛
⎝⎜

⎞
⎠⎟

+(−Ωsinθ î +Ωcosθ ĵ − "θk̂)× (−Ωsinθ î +Ωcosθ ĵ − "θk̂)× L
2 i

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

 

where from the figure: 		Î = cosθ î + sinθ ĵ . 
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Newton-Euler 
 	 

!
F∑ =m!aG  

 
	 

!
MG∑ =

d
!
HG
dt

 

 
where: 

 

		 

!
F∑ = FAxî +FAy ĵ +FAzk̂−mgĴ

= (FAx −mgsinθ )î +(FAy +mgcosθ ) ĵ +FAzk̂
  

 

		 

!
MG∑ = !rA/G ×

!
FA +MAxî +MAy ĵ

= − L2 î
⎛
⎝⎜

⎞
⎠⎟
×(FAxî +FAy ĵ +FAzk̂)+MAxî +MAy ĵ

=MAxî + MAy +FAz
L
2

⎛
⎝⎜

⎞
⎠⎟
ĵ −FAy

L
2 k̂

 

 

		 

!
HG = IG ,yyω y ĵ + IG ,zzω zk̂

= IG ,yyΩcosθ ĵ − IG ,zz "θk̂
 

 

		 

d
!
HG
dt

= IG ,yyα y ĵ + IG ,zzαzk̂+ω̂ ×
!
HG

= IG ,yy(− "θΩsinθ ) ĵ + IG ,zz(− ""θ )k̂
+(−Ωsinθ î +Ωcosθ ĵ − "θk̂)×(IG ,yyΩcosθ ĵ − IG ,zz "θk̂)

 

 
		
IG ,yy = IG ,zz =

1
12mL

2  (1) 

Writing down the z-component of the Euler equation: 

 
		 

!
MG∑( )z =

d
!
HG
dt

⎛
⎝⎜

⎞
⎠⎟ z

⇒ −FAy
L
2 = −IG ,zz

""θ − IG ,yyΩ
2cos2θ  (2) 

Writing down the y-component of the Euler equation: 

 

		 

!
F∑( ) y =maGy ⇒

FAy +mgcosθ = −mLΩ2sinθ −mL2
""θ −mL2Ω

2sinθcosθ ⇒
 

 
		 
FAy = −m gcosθ +LΩ2sinθ + L2

!!θ + L2Ω
2sinθcosθ

⎡
⎣⎢

⎤
⎦⎥

 (3) 

Combining equations (1)-(3): 

 
		 
gcosθ +LΩ2sinθ + L2

!!θ + L2Ω
2sinθcosθ

⎡
⎣⎢

⎤
⎦⎥
L
2 = −

1
12mL

2!!θ − 1
12mL

2Ω2cos2θ ⇒  

 
		 
4!!θ +6 g

L
cosθ +Ω2(cos2θ +6sinθ +3sinθcosθ )=0   



Problem 7.2 

 
A thin, homogeneous bar of mass m is pinned to a vertical shaft at end O. The vertical 
shaft is allowed to rotate freely. The bar is released with initial conditions of: θ(0)=10° , 

		 !θ(0)= 4 rad / sec  and 		Ω(0)=10rad / sec . Determine the total angular velocity of the 
bar when 	θ = 90° .  
 
SOLUTION 
Kinematics 
 		 

!
ω =ΩĴ + "θk̂ = angular velocity of bar  

From figure: 		Ĵ = −cosθ î + sinθ ĵ . Therefore, 

 		 
!
ω = −Ωcosθ î +Ωsinθ ĵ + "θk̂  

 
Conservation of energy 

 

		 

T = 12IO ,xxω x
2 + 12IO ,yyω y

2 + 12IO ,zzω z
2

= 12IO ,yyΩ
2sin2θ + 12IO ,zz

!θ2
 

 
		
V = −mgL2cosθ  

where: 

 
		
IO ,yy = IO ,zz =

1
3mL

2  

Using: 

Ω

 L

 O

θ g

 x

 y
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 Y



 		T2 +V2 =T1 +V1  
gives: 

 

		 

1
2IO ,yyΩ

2sin290°+ 12IO ,zz
!θ2 −mgL2cos90°

= 12IO ,yyΩ0
2sin2θ0 +

1
2IO ,zz

!θ0
2 −mgL2cosθ0

 

 		 IO ,yyΩ
2 + IO ,zz !θ

2 = IO ,yyΩ0
2sin2θ0 + IO ,zz !θ0

2 −mgLcosθ0  (1) 

 
Conservation of angular momentum about Y-axis 

 

		 

!
HO = IO ,yyω y ĵ + IO ,zzω zk̂

= IG ,yyΩsinθ ĵ + IG ,zz "θk̂
 

Since no moments act on the system about the Y-axis: 

 

		 

!
HO2( )i Ĵ = !HO1( )i Ĵ ⇒

IG ,yyΩsin90° ĵ + IG ,zz "θk̂( )i(−cos90°î + sin90° ĵ)
= IG ,yyΩ0sinθ0 ĵ + IG ,zz "θ0k̂( )i(−cosθ0î + sinθ0 ĵ) ⇒

 

 		IG ,yyΩ= IG ,yyΩ0sin
2θ0 ⇒ Ω=Ω0sin

2θ0  (2) 

Combining (1) and (2): 

 

		 

!θ = !θ0
2 +

IO ,yy
IO ,zz

Ω0
2(sin2θ0 − sin4θ0)−

mgLcosθ0
IO ,zz

= !θ0
2 +Ω0

2(sin2θ0 − sin4θ0)−3cosθ0
g
L

 

  



Problem 7.3 
 

 

 
 
A thin disk of mass m and radius R is allowed to rotate about end C of shaft OC with 
constant angular speed of  

!φ , with the orientation of shaft relative to the vertical being θ . 
Shaft OC has a mass of m. The rotation of the L-shaped shaft is rotating is represented by 
the angle ψ . Assume that OC is aligned with the symmetry axis of the disk. Using 
Lagrange’s equations, develop the equations of motion for the system. 
 
SOLUTION 
For the ease of analysis, first define the coordinates associated with each rotation: 

• Space fixed: X and Y parallel to x and y at the instant shown in the figure, 
respectively. 

• Body fixed associated with 𝜙 rotation: xyz as shown, so this rotation is in 𝚤. 
• Body fixed associated with 𝜃 rotation: 𝑥! and 𝑦! parallel to x and y at the instant 

shown in the figure, respectively, so this rotation is in 𝑘!. 
• Body fixed associated with 𝜓 rotation: 𝑥! is along the vertical shaft and 𝑦! is 

along the 2R long horizontal bar, so this rotation is in −𝚤!. 
 
Therefore, the total angular velocity: 
𝜔 = −𝜓𝚤! + 𝜃𝑘! + 𝜙𝚤 
Recast each term so that they are in the same frame: 

−𝜓𝚤! = 𝑅! 𝜙 𝑅! 𝜃 𝑅! −𝜓
−𝜓
0
0

 

=
1 0 0
0 cos𝜙 sin𝜙
0 − sin𝜙 cos𝜙

cos𝜃 sin𝜃 0
− sin𝜃 cos𝜃 0
0 0 1

1 0 0
0 cos𝜓 −sin𝜓
0 sin𝜓 cos𝜓

−𝜓
0
0

 

=
−𝜓 cos𝜃

𝜓 sin𝜃 cos𝜙
−𝜓 sin𝜃 sin𝜙
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𝜃𝑘! = 𝑅! 𝜙 𝑅! 𝜃
0
0
𝜃
=

0
𝜃 sin𝜙
𝜃 cos𝜙

 

𝜙𝚤 =
𝜙
0
0

 

𝜔 = −𝜓 cos𝜃 + 𝜙 𝐼 +(𝜓 sin𝜃 cos𝜙 + 𝜃 sin𝜙) 𝚥 + (−𝜓 sin𝜃 sin𝜙 + 𝜃 cos𝜙)𝐾 
For easily calculating the kinetic energy, choose the intersection of the vertical shaft and 
the horizontal bar as the reference point to calculate the moment of inertia. 
𝐼!! =

!
!
𝑚𝑅!, only contribution from the disk 

𝐼!! = Rod contribution+ Disc contribution 

=
1
3𝑚 5𝑅 ! +𝑚

2𝑅
sin𝜃

!

+
1
4𝑚𝑅

! +𝑚 5𝑅 +
2𝑅
sin𝜃

!

 

 

= (
403
12 +

8
sin! 𝜃 +

20
sin𝜃)𝑚𝑅

! 
The rod and the disc are symmetrical around x in geometry, so 𝐼!! = 𝐼!! and, the 
products of inertia are all zero. 
 
Note that the reference point we choose is a fixed point, so  

𝑇 = 𝑇!"# =
1
2 𝐼!!𝜔!

! +
1
2 𝐼!!𝜔!

! +
1
2 𝐼!!𝜔!

! 

=
1
2𝑚𝑅

! 1
2𝜓

! cos! 𝜃 − 𝜓 cos𝜃𝜙 +
1
2𝜙

!

+
403
12 +

8
sin! 𝜃 +

20
sin𝜃 𝜓 sin𝜃 cos𝜙 + 𝜃 sin𝜙 ! + −𝜓 sin𝜃 sin𝜙 + 𝜃 cos𝜙 !

 

 

=
1
2𝑚𝑅

! 1
2𝜓

! cos! 𝜃 − 𝜓 cos𝜃𝜙 +
1
2𝜙

!

+
403
12 +

8
sin! 𝜃 +

20
sin𝜃 𝜓! sin! 𝜃 + 𝜃!  

𝑉 = 𝑚𝑔 −5𝑅 − 2.5𝑅 cos𝜃 = −
15
2 𝑚𝑔 cos𝜃 

𝐿 = 𝑇 − 𝑉 
 
 
𝑑
𝑑𝑡

𝜕𝑇
𝜕𝜃

=
1
2𝑚𝑅

! 403
12 +

8
sin! 𝜃 +

20
sin𝜃 2𝜃 −

8 cos𝜃
sin! 𝜃 +

20 cos𝜃
sin! 𝜃 𝜃!  

𝜕𝑇
𝜕𝜃

=
1
2𝑚𝑅

! −𝜓! sin𝜃 cos𝜃 + 𝜓 sin𝜃𝜙 +
403
12 +

8
sin! 𝜃 +

20
sin𝜃 2𝜓! sin𝜃 cos𝜃

−
8 cos𝜃
sin! 𝜃 +

20 cos𝜃
sin! 𝜃 𝜓! sin! 𝜃 + 𝜃!  



 
𝜕𝑉
𝜕𝜃 =

15
2 𝑚𝑔𝑅 sin𝜃 

Therefore, the EOM for 𝜃 is written as: 
 

2
403
12 +

8
sin! 𝜃 +

20
sin𝜃 𝜃

− −𝜓! sin𝜃 cos𝜃 + 𝜓 sin𝜃𝜙 +
403
12 +

8
sin! 𝜃 +

20
sin𝜃 2𝜓! sin𝜃 cos𝜃

−
8 cos𝜃
sin! 𝜃 +

20 cos𝜃
sin! 𝜃 𝜓! sin! 𝜃 + 15

𝑔
𝑅 sin𝜃 = 0 

 
 
Lagrangian equation for 𝜓 
𝜕𝑇
𝜕𝜓

=
1
2𝑚𝑅

! 𝜓 cos! 𝜃 − cos𝜃𝜙 +
403
12 +

8
sin! 𝜃 +

20
sin𝜃 2𝜓 sin! 𝜃  

𝑑
𝑑𝑡

𝜕𝑇
𝜕𝜓

=
1
2𝑚𝑅

! 𝜓 cos! 𝜃 − 2𝜓 cos𝜃 sin𝜃 𝜃 + sin𝜃 𝜃𝜙

+
403
12 +

8
sin! 𝜃 +

20
sin𝜃 2𝜓 sin! 𝜃 + 4𝜓 sin𝜃 cos𝜃 𝜃

−
8 cos𝜃
sin! 𝜃 +

20 cos𝜃
sin! 𝜃 𝜃 2𝜓 sin! 𝜃  

𝜕𝑇
𝜕𝜓 =

𝜕𝑉
𝜕𝜓 = 0 

Therefore, EOM becomes: 
!
!"

!"
!!

= 0, i.e. 
 

cos! 𝜃 + 2
403
12 sin! 𝜃 + 20 sin𝜃 + 8 𝜓

+ 2
403
12 +

8
sin! 𝜃 +

20
sin𝜃 − 1 sin 2𝜃 − 16 cos𝜃 + 40 cot𝜃 𝜃𝜓 + sin𝜃 𝜃𝜙 = 0 

 
  



Problem 7.4 – 10 points 
 

 
 

 
 

 
 

 
Consider the system shown above made up of a homogeneous disk, a thin homogeneous 
bar OA and a block. The surface on which the block slides is smooth; however, the disk 
rolls without slipping on the block. The springs are unstretched when   x = φ = 0 . Using 
Lagrange’s equation, develop the equations of motion for the system. 
 
SOLUTION 
Kinematics 

 

		 

!rA =
!rB +
!rO/B +

!rA/O
= xî + Rφî +Rĵ( )+L sinθ î − cosθ ĵ( ) = x +Rφ +Lsinθ( )î + R−Lcosθ( ) ĵ  

 

		 

!vG =
!vO +
!
ωarm × !rG/O

= "x +R "φ( )î + "θk̂( )× L2 sinθ î − cosθ ĵ( )
= "x +R "φ + L2

"θ cosθ⎛
⎝⎜

⎞
⎠⎟
î + L

2
"θ sinθ⎛

⎝⎜
⎞
⎠⎟
ĵ

 

Therefore, 
 		 δ

!rA = δ x +Rδφ +Lδθ cosθ( )î + Lδθ sinθ( ) ĵ  
 
Generalized forces 

 

		 

δU =
!
F iδ !rA = Fî( )i δ x +Rδφ +Lδθ cosθ( )î + Lδθ sinθ( ) ĵ⎡⎣ ⎤⎦

= Fδ x +FRδφ +FLcosθδθ =Qxδ x +Qφδφ +Qθδθ
 

Energies 

 no slip

 A

 C

 O
 R

θ

φ

 x
 B

 F
 L

 k

 k m

 m

 g

 m



 

   

T = 1
2

m!x2 + 1
2

mvO
2 + 1

2
IOωdisk

2 + 1
2

mvG
2 + 1

2
IGωdisk

2

= 1
2

m!x2 + 1
2

m !x + R !φ( )2 + 1
2

IO
!φ2

+ 1
2

m !x + R !φ + L
2
!θ cosθ

⎛
⎝⎜

⎞
⎠⎟

2

+ L
2
!θ sinθ

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ 1

2
IG
!θ 2

  

 

 
  
V = 1

2
kx2 + 1

2
k x + Rφ( )2 − mg

L
2

cosθ    

Lagrange’s equations 

  

d
dt

∂T
∂ !x

⎛
⎝⎜

⎞
⎠⎟
− ∂T
∂x

+ ∂V
∂x

= Qx   

where: 

 

   

d
dt

∂T
∂ !x

⎛
⎝⎜

⎞
⎠⎟
= d

dt
m!x + m !x + R !φ( ) + m !x + R !φ + L

2
!θ cosθ

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= 2m!!x + 2mR!!φ + m
L
2
!!θ cosθ − !θ 2sinθ( )

  

 
  

∂T
∂x

= 0    

 
  

∂V
∂x

= 2kx + k x + Rφ( )   

 

and: 

  

d
dt

∂T
∂ !φ

⎛
⎝⎜

⎞
⎠⎟
− ∂T
∂φ

+ ∂V
∂φ

= Qφ   

where: 

 

   

d
dt

∂T
∂ !φ

⎛
⎝⎜

⎞
⎠⎟
= d

dt
mR !x + R !φ( ) + IO

!φ⎡⎣ ⎤⎦

= mR!!x + mR2 + IO( ) !!φ
  

 
  

∂T
∂φ

= 0    



 
  

∂V
∂φ

= kR x + Rφ( ) = rKx + kR2φ   

 

and: 

  

d
dt

∂T
∂ !θ

⎛
⎝⎜

⎞
⎠⎟
− ∂T
∂θ

+ ∂V
∂θ

= Qθ  

where: 

 

   

d
dt

∂T
∂ !θ

⎛
⎝⎜

⎞
⎠⎟
= d

dt
m !x + R !φ + L

2
!θ cosθ

⎛
⎝⎜

⎞
⎠⎟

L
2

cosθ + L
2
!θ sinθ

⎛
⎝⎜

⎞
⎠⎟

L
2
!θ sinθ

⎡

⎣
⎢

⎤

⎦
⎥ + IG

!θ
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= d
dt

m
L
2
!xcosθ + L

2
R !φ cosθ + L2

4
!θ

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+ IG
!!θ

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= m
L
2
!!xcosθ − !x !θsinθ( ) + LR

2
!!φ cosθ − !φ !θsinθ( )⎡

⎣
⎢

⎤

⎦
⎥ + m

L2

4
+ IG

⎛

⎝
⎜

⎞

⎠
⎟ !!θ

  

 

   

∂T
∂θ

= m !x + R !φ + L
2
!θ cosθ

⎛
⎝⎜

⎞
⎠⎟

− L
2
!θsinθ

⎛
⎝⎜

⎞
⎠⎟
+ L

2
!θ sinθ

⎛
⎝⎜

⎞
⎠⎟

L
2
!θcosθ

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

= m !x + R !φ( ) − L
2
!θsinθ

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

  

 
  
∂V
∂θ

= mg L
2

sinθ   

 
  
 


