MES62 — Spring 2020
Purdue University
West Lafayette, IN

Final Exam — SOLUTION

Mean score: 65.3/80 (81.6%)
Median score: 66/80 (82.5%)



Problem No. 1 SOLUTION
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A system is made up of particles A, B, C and D, all of mass m. The particles are
interconnectd by springs, as shown, with each spring having a stiffness of k. Let x,

represent the absolute motion of particle A, whereas x, is the motion of C relative to B,
x5 is the motion of B relative to A, and x, is the motion of D with respect to B. The
springs are all unstretched when x; =x, = x; =x, =0. At £ =0, the system is released

with the springs unstretched, with x, (0) =X, (0) =X, (0) =0 and x, (0) =V,.

For this problem:
a) Identify the ignorable coordinate(s) in the system.

b) Use the Routhian formulation to derive the equations of motion in terms of the
non-ignorable coordinates.

SOLUTION
Energy expressions
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T=5mxf+5m(xl+x3) +5m(xl+x2+x3) +§m(xl+x3+x4)
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Ignorable coordinates
The Lagrangian is given by: L=T7 -V . Since the Lagrangian is independent of the

generalized coordinate x,, that coordinate is ignorable. The corresponding generalized

momentum for this coordinate is:
B oL . . L ) .
=5 =mi (3 + % )+ m(x) %, + 5 )+ () + 3+ 3y )
1

. . . . A
= 4mix, +mx, +3mi; +mx, = constant = 3,
where 8, = p, (0) = 4myv,, . From this, we have:
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Routhian formulation
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From this, we have:
d{JR | d|[ m)r. _ mir. ..
E(E]:E{(E][xz+3x3+x4—4vO]+(E)[x2—x3+x4—4vO]}
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The Routhian formulation —| — |—-=——=0 ; j=2,3,4, gives the following three EOMs in
dt| ox ; ox i
terms of the non-ignorable coordinates:

(E)[sz +4;— 4%, |+ 2kr, =0

(Ej[4x2+12x3+4x4]+kx3 =0 (1)

(E][_% + 45, +12%, |+, =0

along with: | X, =4v, — %(xz +3%; + x4) (2)

NOT REQUIRED: In matrix form, the EOMs for the non-ignorable coordinates are written as:

12 4 -4 || % 2.0 0 || N 0
(ﬂ] 412 4 | % (+k 0 1 0 |3 % +=10
16

-4 412 || g 00 1 || 0

The mass and stiffness matrices are symmetrical, as expected. Note that the Routhian formulation
gives a non-singular stiffness matrix, whereas the standard Lagrangian formulation has a singular
stiffness matrix (rigid body mode). The rigid motion is seen in the Routhian formulation through the

integration of equation (2).



Problem 2

A block of mass m is able to slide along a smooth, vertical guide. A thin, homogeneous
bar (of mass m and length L) is pinned to the block at end O. A pair of forces act on the
free end of the bar. The force 2F acts in the horizontal direction, whereas the force F acts
toward pin O for all motion. A spring of stiffness k connects end O of the bar to ground.
Use Lagrange’s equations to develop the differential equations of motion for the system
in terms of the generalized coordinates of x and 6.

SOLUTION
Kinematics
Fy= xf+L(cos9§+sin0f) = 01, = (6x Lszn050)l + LOBcosO |

L oo (L« LAY (. L+, \s L. 4
Vg =Vt O XV, =Xi +(9k)><(gcos9i +Esin0jj = (x—EOSineji +590039j

Energy and work expressions

1 1 1 1
T:—mvé+5mvé+E[Gco2 ; [G:_mL2

2 12
i 2 2
=lmx2+lm x—£9sin9 + £6'cos9 +l imL2 6>
2 2 2 2 2012
2A2
=lmx2+lm x2+L9 (cos29+sin29)—Lx95in0 +l imL2 6>
2 2 4 2(12

= %m[zﬁ + %Lze'2 - L)'césine}

2
U =|2Fj + F(—cos@f—sin@})}ﬁ?A

L 1 L
V= lkxz —mgx — mg(x+50039j = Ekxz - mg(2x+zcos9J

F cos@)(Bx Lsm050) (2F - FSinG)(L5GCOSO)

[ Fcos9 l+ 2F FsmO) ] [(5x—Lsin969)f+(L6900S0)j]
(-
( Fcos9)5x+(2FLcos9)59 Q.0x + 0,00



Lagrange’s equations

dt\ 9x ) ar
or
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d ( BT) i[me - %mLésin@} =2mx — %mLésinO - %mLéZCOSQ

0

i B_T = i lmLzé — l mLxsing | = l mI*6 — l mLxsinG — l mLx0cosO
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a—T =— % mLx6cos0

00
av

% = %mgLsinO

The above give the two EOMs for the system:

2mi — %mLésinQ — %mLQZCOSG + kx —2mg = —FcosO

%mLzé — %mL)'c'SinG + %mgLsinO =2FLcosO




Problem 3

A shaft is supported by bearings A and B, with the shaft rigidly supporting a ring. The
shaft is rotating with a constant rate of €. A thin disk of radius R and mass m is attached
to a second shaft that is rotating with a constant rate of @ on bearings in the ring, as
shown. Ignore all mass in the system except for that of the disk. For the position shown,
determine the reactions on the shaft due to the bearings at A and B.

SOLUTION
& =0l +wi = Q(cos@f—sin@}')+a)f = (Qcos@+w)f+(—Qsin9)j = ang. vel. of the disk
55:%za)z—l;:w(@xf)=w(9f+wf)xf:m(fxf)

= (uQ(cosOf - sin@}') X i = Qsindk

From this, we have:

- A ~ (1 ~ (1 A
Hy=1, 00 +103yya)yj+l w k= (Emsz(Qcos9+w)i +(ZmR2j(—Qsin9)j

O,zz"7 z
: : . dH
For use in Euler’s equations: Z M, = —9  we have:
dI:IO n ~ /2 — =
o IO,xxaxl + IO’yyay] + IO,zzaz +wXH,
= Io,zzo‘zk + (a)xz + a)y]) X ([O,xxwxl + Io’yya)yj)

A

={0%, + 0,0, (IO,yy a ]Oax)}k

= (imRz )aﬂsin@ + (Qcos@ + a))(—QsinO)(imRz - %mR2 ng

_ %msz[a)QsinB—(Qcos@+a))(—£2sin0ﬂl€

= %mR2 j[2a)§2sin9 + stinOCOSOJIQ




From the FBD below, we have:
Y Fy=4,+B,=0 = A4,=-B,
dH , 1> . ).
ZMOZ :(BY_Ay)(4R): e = ZmR [2a£2sm€+£2 smecose} =
z

BY = [3% mRQj[Zw + Qcos@]sin@ = —AY




Problem 4

A knife-edge is attached to rigid link having a mass 0
m and a mass moment of inertia / about its centroid /i
k

y

P. The link is pinned to a slider this is able to move
within a smooth slot cut into an arm, with the arm
pinned to ground at end O. Let R represent the
radial distance between O and P, 6 be the rotation
angle of the arm and ¢ be the rotation angle of the
knife-edge. A rotational spring of stiffness K is
connected between the link and the slider. As the /
knife-edge moves on a horizontal plane, no side- knife—edge R

slip between the knife-edge and the surface is
HORIZONTAL PLANE

allowed. A spring of stiffness k& is connected

é

0-6

between O and P, as shown. The rotational spring
is unstretched when ¢ =0, and the spring between O and P is unstretched when R=R,,.

a) Determine the constraint that exists among R, 6 and ¢ due to the no slide-slip

condition imposed by the knife-edge.

b) Use Lagrange’s equations with Lagrange multipliers to derive the EOMs for the
generalized coordinates of R, 6 and ¢ .

SOLUTION
Kinematics
Vp = Ré, + ROE,
For unit vector running along the knife-edge:
e= —sin(q) - Q)éR + cos(q) - Q)ée
For no side-slip at the knife-edge:
0=2ex7,
= [—sin((p — O)éR + cos(¢ — Q)ée ] X [R(éR ) + Réée}
= [—sin((p - 9)(R9) - cos((p - 0)(R):|l€
Therefore, the following constraint exists among the three generalized coordinates of the
problem:
0:cos(¢—9)R+Rsin(¢—0)9=alRR+a199+al¢¢5 (1)

Energy expressions

1 1. 1 i . 1 .
T=mvp+ 1§ = 5m[(}a)2 +(R0)2]+51¢2

1

I
V=2 k(R=R)) + 5 K(o-0)




Lagrange’s equations
e For the R coordinate:

oT \_d

(&)RJ dr R] mR
oT
9R
4

—x=k(R—R0)

oT aT oV .
Using _(B_RJ E)R o = a,p/ gives:

mR—mRO” +k(R— R, )= cos(¢p—6) A )

= mRO?

e For the 8 coordinate:
(aTj d[ 0} 2mRRO+mR*6

a0 ) dt
<=0
g—g =-K(¢9-9)
Using —(3—3 gg 32 4 gives:
mR*6+2mRRO+ KO — K¢ = Rsin(p—6) A (3)

e For the ¢ coordinate:

dt(acp] L)1

oT
%‘O
14
£=K(¢—9)
d(oT aT oV
Using _[ﬁJ 8(15 8¢ amﬂ, gives:
Ip+Kp—KO=0 4)

Solve the above four equations for the three generalized coordinates and the Lagrange
multiplier.



