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PROBLEM NO. 1 – 25 points max. 
You are analyzing a stationary steel shaft in a transmission system. The shaft shown is made up of three 
segments having solid circular cross-sections, each having a shear modulus of G. The shaft has a total 
length 4a. It is rigidly fixed against rotation at both ends (B and H). During operation, rigid gears 
mounted at points C and D apply concentrated torques to the shaft, as shown in the schematic below. 

 
Follow the steps provided below and express your answers in terms of !", a, G and d. 

1. Draw the free body diagram showing all relevant external and reactive torques. Write down the 
equation(s) of static equilibrium. Determine if the problem is statically determinate or 
indeterminate. Justify your answer. 

2. Determine the polar area moment #$ for the cross-section of each segment of the shaft. 

3. Write down the torque-angle of twist relationships for each of the segment of the shaft.  

4. Write the compatibility equation for the shaft. 

5. Determine the angle of twist at C (&'), and D (&)) relative to fixed end B.  

6. Determine the maximum shear stress in each of the three segments of the shaft (*+,-)., (*+,-)/, 
and (*+,-)0. 
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PROBLEM NO. 2 – 25 points max. 
A propped-cantilever beam is acted upon by a constant line load 1" along its length and by a couple 
2" = 1"4/ at the roller support C. The beam is made up of a material having a Young’s modulus of E 
and whose cross-section has a second area moment of I. You are asked in this problem to determine the 
reactions on the beam at end B and the beam rotation at C using the 2nd-order integration method. You 
are asked to follow the prescribed steps below. 

 
a) Write down the boundary conditions for this problem. 

 
 

b) Draw a free body diagram (FBD) of the beam and write down the equilibrium equations from 
this FBD. 
 
 
 
 
 
 
 
 

c) State whether the problem of determining the reactions on the beam is determinate or 
indeterminate. 
 
 

d) Determine the expression for the bending moment M(x) that exists along section BC of the 
beam. 
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e) Using the 2nd-order integration method to determine the general expression for the beam 
rotation angle 5(6) and the beam deflection 7(6) along section BC of the beam. These 
expressions should be in terms of, at most: the external reactions on the beam, x, E, I and 1". 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f) Using your results above in e), determine the reactions on the beam at B and the beam rotation 
at C. Your answers should be in terms of, at most: E, I, a and 1". 
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The beam ABC has an elastic modulus � and a second area moment �. The beam is supported by a 
vertical slider at A and by rollers at B and C. A bending moment 
% is applied at B. Assume that 
deformation due to shear is negligible. Use the coordinate system provided with its origin at A.

a) Draw the free body diagram for the beam ABC.

b) Write down the equilibrium equations for the beam.

c) State if the beam is statically determinate or indeterminate (justify your answer). 

d) Make a sketch of the expected shape of the beam deflection resulting from this applied load.

Text

Please note that there are THREE solutions provided for Problem 3: one for each possible redundant load. 
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e)� Write down the strain energy equations for beam segments AB and BC in terms of the 

redundant support of your choice. Neglect the contribution of shear to the strain energy.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f)� Determine reaction forces and moments using Castigliano’s second theorem. Your answer 

should be in terms of, at most: 
%��� �� 	. 
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PROBLEM NO. 4 - PART A  – 3 points max. 
A torsion member consists of three concentric sections that have different diameters and materials 
properties as labeled in the image. 

In what material is the maximum shear stress in the torsion member (circle one)? 

A: (1) 

B: (2) 

C: (3) 
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PROBLEM NO. 4 - PART B  
A point load is applied at the end of a simple cantilever. We want to compare the stresses and 
deflections of two beams with different cross-sections: a square (B) and a rectangle (C). The stresses 
are compared at point c (the top) and point d (at the neutral plane). 

 
 

B(i) (1 point) How does the shear stress 
at point c compare between the two 
beams (circle one)? 
*'(<) = 	 *>(<)/4  
*'(<) = 	 *>(<)/2  
*'(<) = 	 *>(<)  
*'(<) = 	2*>(<)  
*'(<) = 	4*>(<)  
 

B(ii) (1 point) How does the shear stress at 
point d compare between the two beams 
(circle one)? 
*'(B) = 	 *>(B)/4  
*'(B) = 	 *>(B)/2  
*'(B) = 	 *>(B)  
*'(B) = 	2*>(B)  
*'(B) = 	4*>(B)  
 

 
B(iii) (1 point) How does the flexural 
stress at point c compare between the 
two beams (circle one)? 
C'(<) = C>(<)/8  
C'(<) = C>(<)/2  
C'(<) = C>(<)  
C'(<) = 2C>(<)  
C'(<) = 8C>(<)  

 
B(iv) (1 point) How does the flexural stress 
at point d compare between the two beams 
(circle one)? 
C'(B) = C>(B)/8  
C'(B) = C>(B)/2  
C'(B) = C>(B)  
C'(B) = 2C>(B)  
C'(B) = 8C>(B)  

 
 
B(v) (2 points) How does the 
maximum beam deflection compare 
between the two cross-sections (circle 
one)? 
7+,-,' = 	 7+,-,>/8  
7+,-,' = 	 7+,-,>/2  
7+,-,' = 	 7+,-,>  
7+,-,' = 	27+,-,>  
7+,-,' = 	87+,-,>  
 

 
B(vi) (2 points) How does the strain energy 
due to flexural stresses (EF) compare 
between the two beams (circle one)? 
GH,' = 	GH,>/8  
GH,' = 	GH,>/2  
GH,' = 	GH,>  
GH,' = 	2GH,>  
GH,' = 	8GH,>   
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PROBLEM NO. 4 - PART C  – 4 points max. 
The equation for the moment along the length (L) of a beam is given by: 
 
 2(6) = I./JK"6

/ + K9;6 − I./JK9;
/  

 
Choose the loading condition that corresponds to this moment equation (circle one): 
 

 
 
 
 
PROBLEM NO. 4 - PART D  

 
D(i) (2 points) How many non-zero terms would be in the total equation for strain energy (each 
section of the structure can have 4 possible terms – axial, torsion, moment, and shear) (circle one)? 

A: 2 B: 3 C: 4 

D: 5 E: 6 F: 8 
 
D(ii) (2 points) (separate from part (i)) To find the deflection of the beam in the y direction at B, you 
would need to take the partial derivative of the energy (U) with respect to: 

A:  N9 

B: 29 

C: A dummy force at C 

D: A dummy moment at B 

E: A dummy torque at C 
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PROBLEM NO. 4 - PART E  – 6 points max. 
A simple cantilever has a Young’s modulus of E and a second area moment of I. The beam has a 
couple 2" applied at the end and a constant line load 31" applied on section AB of the beam. Use the 
superposition tables to find the displacement of point C in terms of po, a, E, and I. 
 

 
 


