
•  STRAIN:	The	shear	strain,	γ,	varies	linearly	with	radius,	ρ,	through	the	cross-
section	of	the	shaft,	regardless	of	the	material	makeup	of	the	cross-section.

•  STRESS:	Across	annular	regions	on	the	cross-section	where	the	material
makeup	is	a	constant,	the	shear	stress,	τ,	varies	linearly	with	radius,	ρ,
through	the	cross-section	of	the	shaft:																										where							is	the	polar	
area	moment	of	the	cross	section.	

•  STRAIN/STRESS	DISTRIBUTIONS:

Summary:	torsion	stresses	in	shafts	
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Consider	an	axial	torque	T	acting	on	a	shaft	with	a	circular	cross	section.	

 τ = Gγ = Tρ / IP  IP



•  STRAIN:	Linear	distribution	across	the	entire	cross-section.	

•  STRESS:	Linear	distribution	across	an	annulus	of	constant	material	
properties:			

•  ANGLE	OF	TWIST:			

Summary:	determinate	shafts	
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Consider	an	axial	torque	T	acting	on	a	shaft	with	a	circular	cross	section.	

 τ = Gγ = Tρ / IP

 B
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GIP



1.  EQUILIBRIUM:	
	

2.  TORQUE/ROTATION:	
	
	
	

3.  COMPATIBILITY:		
	
		

4.  SOLVE:	

Summary:	indeterminate	shafts	
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Consider	an	axial	torque	T	acting	on	a	shaft	with	a	circular	cross	section.	To	
solve	for	torque	in	each	element,	use	the	four-step	plan:	

  1( ) M∑ = T2 +T −T1 = 0

  2L  L

 B  C  D
 1( )  2( )

 T

  T +T2  T1

  

2( ) Δφ1 =
T1 2L( )

GIP

3( ) Δφ2 =
T2L
GIP

  

4( ) φC = φB + Δφ1 = Δφ1

5( ) φD = φC + Δφ2 = Δφ1 + Δφ2 = 0

  
2( ) , 3( ) , 5( ) ⇒ 2

T1L
GIP

+
T2L
GIP

= 0 ⇒ T2 = −2T1 6( )

  
1( ) , 6( ) ⇒ − 2T1 +T −T1 = 0 ⇒ T1 =

1
3

T ⇒ T2 = − 2
3

T



Summary:	shear	force/bending	moment	diagrams	
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SIGN	CONVENTIONS:	

FROM	EQUILIBRIUM:	



•  Pure	bending:	locations	on	a	beam	for	which	the	shear	force	is	zero.	Examples:	
	
	
	
	
	
	
•  Flexural	stresses	in	pure	bending:	
	
	

	
	
	
	
	
	
	
• Where	on	the	cross-section	is	the	flexural	stress	the	greatest?	

Summary:	flexural	stresses	in	pure	bending	in	beams	
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σ = − My

I
(linearly-varying	on	the	cross-section	with	y	measured	from	neutral	surface)	



•  General	loading:	For	a	general	resultant	pair	of	V	and	M	at	a	
cross-section,	the	normal	stress	is	approximately	that	of	pure	
bending,															,	and	the	shear	stress	is	given	by:	
	
	
	
with						and						are	the	area	and	centroid	of	the	cross-section	
above	“y”,	respectively,	and	t	is	the	depth	thickness	of	the	
beam	at	“y”.	
•  Special	cases:	

o  Rectangular	cross-section:	
	
	
	
	

o  Circular	cross-section:	

Summary:	shear	stresses	in	beams	
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σ = − My

I

 
τ = VA* y*

It
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•  General	loading:	For	a	typical	point	on	a	beam	cross-
section	there	are	two	components	of	stress:	
	
	
	
	
•  Stress	distributions:	Each	component	varies	over	the	
height	dimension	y	(measured	from	neutral	plane):	

o  The	flexural	stress	σ	varies	linearly	in	y,	with	σ	
taking	on	a	value	of	zero	at	the	neutral	axis	
and	maximum	magnitude	values	at	the	top	
and	bottom	surfaces.	The	top	and	bottom	
locations	are	of	opposite	signs	(tension	and	
compression).	

o  The	distribution	of	the	shear	stress	τ	depends	
on	the	shape	of	the	cross-section.	τ	is	zero	at	
the	top	and	bottom	surfaces,	always.	The	
maximum	magnitude	of	τ	occurs	at	(or	near)	
the	neutral	axis.	The	direction	of	τ	is	governed	
only	by	the	direction	of	V.	

Summary:	general	stresses	in	beams	
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σ = − My

I

 
τ = VA* y*

It

flexural	stress:	

shear	stress:	
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FUNDAMENTAL	EQUATIONS	
	
	
	
	
	
	
	
	
METHOD	
•  Draw	FBD	of	entire	structure	and	write	down	equilibrium	equations	in	terms	of	
reactions.	

•  Divide	beam	into	sections	based	on	changes	in	supports	or	loadings.		
•  For	each	section:	

o Make	cut	through	section,	and	determine	M(x).	
o  Integrate	M(x)/EI	to	find	θ(x).	
o  Integrate	θ(x)	to	find	v(x).	
o Enforce	boundary	conditions	on	θ	and	v.	
o Match	θ	and	v	across	boundaries	of	sections.	

•  Solve	for	unknown	reactions	using	boundary	conditions	and	equilibrium	
equations.	

	
	

Summary:	Beam	deflection	by	integration	(indeterminate)	

 
M x( ) = EI

ρ
≈ EI

dθ
dx

 
tanθ ≈θ = dv

dx

  

θ x( ) = θ x1( ) + 1
EI

M s( )ds
x1

x

∫

  

v x( ) = v x1( ) + θ s( )ds
x1

x

∫

differential	form	 integral	form	

specific	to		
indeterminate	
beams	



GOAL:	Break	down	complicated	loading	on	a	beam	into	simple	loading	components	
and	used	published	deflection	formulas	to	determine	the	beam	deflection	through	
linear	superposition.	
	
EXAMPLE:	
	
	
	
	
	
	
	
	
METHOD	
•  Each	component	system	must	be	in	equilibrium.	
•  For	piece-wise	defined	loadings	and	intermediate	supports,	the	superposed	
solutions	must	be	written	in	a	piece-wise	way.	

•  The	components	chosen	are	not	unique;	there	are	typically	many	ways	to	solve.	
•  For	the	above	indeterminate	beam,	the	reaction	force	F0	is	found	by	setting	v(L)	
=	0.	
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Summary:	Beam	deflection	by	superposition	(indeterminate)	



Using Castigliano’s 2nd Theorem
Notation for generalized displacements and generalized loads
• Displacements and forces: Δ and 𝑃
• Shaft rotations and torques: 𝜙 and 𝑇
• Beam rotations and bending moments: 𝜃 and 𝑀
• Redundant loads: 𝑅 (forces, torques, and/or bending moments)
• Dummy loads: 𝐹!  (forces, torques, and/or bending moments)

Draw FBD(s) and write down the 
equilibrium equations. If no load at 
point or direction of desired 
displacement, then add dummy load 
𝐹!.

Is structure indeterminate? If so, use 
Castigliano’s theorem for 
indeterminate structures (shown to 
the left) to find external reactions 
FIRST.

Write the strain energy function 𝑈 for 
the structure. Substitute in the 
external reactions found either from 
equilibrium (determinate) or from 
Castigliano and equilibrium 
(indeterminate). At this point, 𝑈 
should be in terms of only applied 
loads, and possibly dummy loads.

Apply Castigliano’s theorem for 
determining the generalized 
displacements: 
	 Δ" = #$

#%!
 

          𝜙" = #$
#&!

 

          𝜃" = #$
#'!

 

Set any dummy load 𝐹! = 0 at this 
point.

Finding displacements

Draw FBD(s) and write down the 
equilibrium equations.

Determine the number of 
redundant loads 𝑁(, and	choose 
your redundant loads:

𝑅"; 	 𝑖 = 1, 2,… ,𝑁(

Using the equilibrium equations, 
write the non-redundant loads in 
terms of the redundant loads. 

Write strain energy function 𝑈 in 
terms of only the redundant and 
applied loads.

Apply Castigliano’s theorem for 
indeterminate structures: 

𝜕𝑈
𝜕𝑅"

= 0	; 	 𝑖 = 1, 2,… ,𝑁(

Solve Castigliano equations, along 
with equilibrium equations, to find the 
external reactions.

Finding reactions for 
indeterminate structures


































