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 PROBLEM #1 (25 points) 
 

The beam BD has a distributed load po acting between B and D and a concentrated 
moment Mo applied at D as shown. The beam is fixed at B and is supported by a roller at 
D. E and I are constant along the beam. po has a value of 16P/L and Mo has a value of 
2PL. Use the second-order integration method to answer the following: 

 
  po = 16P/L          Mo = 2PL           
 
 
 

 
 
 

a) Draw the FBD for the beam BD. 
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b) Write the equilibrium equations for the beam BD. 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

c) Calculate the reactions on the beam at B and D in terms of P and L. 
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d) Find the equation for the vertical displacement, v(x) throughout the beam in terms of P, L, 
E, and I. 
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e) Find the slope at point D in terms of P, L, E, and I. 
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PROBLEM #2 (25 points) 
 
Cantilever beam AD of the bending stiffness EI is subjected to a concentrated moment M0 at C. The beam 
is also pin-supported at B by a rod BK of the length L, Young’s modulus E, and cross-section area A.  

 
(a) Draw the free body diagram of beam AD and rod BK. List the equilibrium equations.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) Is AD a statically determined or indeterminate structure? If it is statically indeterminate, state your choice 
of redundant support. 
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(c) Determine the internal reactions of the sections AB, BC, and CD, as well as rod BK in terms of the 
redundant support you identified in part (b). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(d) Show the strain energies of the sections AB, BC, CD and BK. The strain energies may include the 
uniaxial strain energy 𝑈𝑈𝐴𝐴, shear strain energy due to torsion 𝑈𝑈𝑇𝑇, flexural strain energy due to bending 𝑈𝑈𝜎𝜎. 
Neglect the shear strain energy due to bending 𝑈𝑈𝜏𝜏. 
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(e) Using Castigliano’s 2nd theorem, determine the reaction force of the rod BK and the wall reactions.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(f)  Using Castigliano’s 2nd theorem, determine the rotation angle at C. 
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PROBLEM #4 (25 points) 
 
Part (A): (5 pts) 
Circle which of the schematics presented below depicts the deflection curve of the following beam:  
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Part (B): (5 pts) 
The following beam is loaded with concentrated moments and concentrated forces. Loading is unknown, 
however, the bending moment diagram for the beam is provided below: 

 
(i) Draw the shear force diagram in the above figure. 
(ii) What is the reaction force at the roller support D? Assuming no loading is applied at D. 
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Part (C): (5 pts) 
The following rigid structure is composed of arms AB and BC and is fixed to the wall at A. It is subject to 
a force P at C in the negative y direction.  How many strain energy terms contribute to the total strain energy 
of the system? Note that the strain energy may include the uniaxial strain energy 𝑈𝑈𝐴𝐴, shear strain energy 
due to torsion 𝑈𝑈𝑇𝑇, flexural strain energy due to bending 𝑈𝑈𝜎𝜎, and shear strain energy due to bending 𝑈𝑈𝜏𝜏. 
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Part (D): (10 pts) 
The double-cantilever beam AD is of an arbitrary shape. Two concentrated forces are applied where 𝑃𝑃 =
100 𝑙𝑙𝑙𝑙𝑙𝑙. In solving this mechanics problem using the finite element method, beam AD is discretized into 
3 elements and 4 nodes which are marked as 1, 2, 3, and 4 in the following figure, where nodes 1 and 4 are 
on the walls. 

 
(i) The stiff matrix is given below, however, some components are missing. Fill up the missing 

components in the matrix. 

 
(ii) Determine the displacements at nodes 2 and 3. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

(iii) Determine the internal forces in the three elements. 
 
 
 

𝑥

𝑦

1 2 3 4
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