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Lecture 12 Quiz
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(a) What torque needs to be applied to the drive shaft for each
wheel to output a force of 220 N?

(b) (completely separate from part a) A drive shaft must be
designed to operate at a torque of 3200 N*m with an outer
diameter of 90 mm and a length of 1320 mm. Using a hollow
aluminum tube, what inner diameter is required? The shear
modulus of aluminum is 27 GPa. The allowable shear stress in
the aluminum is 60 MPa.
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Chapters 9-11: Beams
10, 9.0,

Applications

Beams are structural members that are Compression and Tension
designed to support transverse loads, that is, it 36 BgE g Biean

loads that are perpendicular to the longitudinal I I
axis of the beam. A beam resists the applied

Compression

loads by a combination internal transverse —
- - Tension
shear force and bending moment.
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10. Beams: Flexural and shear stresses

Objectives:
To develop relationships for the normal stresses and shear stresses corresponding to the
internal bending moment and shear force resultants in beams.

Background:
® The bending moment M and shear force J” at a cut through the cross section of a
beam are couple and force resultants of the normal and shear stresses,
respectively, at the cross section.

e Shear force/bending moment equation:

V 4

e Axial stress/strain relation:

o,=Le,

Lecture topics:
a) Strains for pure bending in beams
b) Flexural stresses due to bending in beams
¢) Stresses due general transverse force and bending-couple loading of beams



Lecture Notes

Suppose we consider an example of a beam acted upon by two force/couple pairs
resulting from equal magnitude forces P at locations A, B, C and D.

P P
d d
—
| ‘ ]
y B C | ﬁ‘p
l
P | P
¥
P
4 'p C D
-P
M
Ld O
1 B C D

As seen in the above shear-force/bending-moment diagrams:
* The shear force in the beam between B and C is zero.
* The bending moment between B and C is a constant value of M = Pd .

Therefore, a state of “pure bending” (zero shear force) exists between B and C in the
beam. So long as we keep our focus on the section BC of the beam, we can represent the
above loading as a beam with equal and opposite couples M = Pd applied at its ends, as

shown below.

A

| M

Beams: Flexural and shear stresses

state of pure bending
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a) Strains for pure bending in beams

In order to view the beam deformations, it is convenient to imagine the beam to be made
up of longitudinal fibers parallel to the longitudinal axis of the beam. Under the action of
equal and opposite positive bending couples at its ends, the top fibers of the beam will
shorten and the bottom fibers of the beam will stretch, as indicated below. The fiber that
divides the region of compression from the region of stretch is said to lie on the “neutral
surface” of the beam.

Positive bending moment

neutral surface fiber
typical fibers in beam

W A _
¥ ») — oo oS

deformation M

__________________________

Conversely, under the action of equal and opposite negative bending couples at its ends,
the top fibers of the beam stretch and the bottom fibers will shorten.

Negative bending moment

neutral surface fiber
typical fibers in beam

|\

( \\ ) |:> --------- extension \~_
setormaton C )

M M

Euler- Bernoulli definitions and kinematic assumptions for thin beams
Consider the following assumptions related to the geometry and loading of a beam:

® The beam has a plane of longitudinal plane of symmetry (xy-plane as shown in
following figure) called the “plane of bending”. Loading and supports for the
beam are assumed to be symmetrical about the plane of bending.

e The beam has a longitudinal plane (xz-plane as shown in following figure)
perpendicular to the plane of bending on which there is zero longitudinal strain
called the “neutral surface”. The intersection of the neutral surface with the plane
of the cross section is called the “neutral axis” for the cross section. In the
following discussions, it will be assumed that the z-axis will be aligned with the
neutral axis of the beam in its undeformed state. The intersection of the plane of
bending and neutral surface is known as the beam axis. The deformation of the
mitially-straight beam axis 1s known as the “deflection _curve” of the beam.

peudrel SunSact, =D no Sran or st
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i neutral
‘ plane of bending L axis
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7 axis

neutral surface

® Planar cross sections that are perpendicular to the beam axis before the beam
deforms remain perpendicular to the beam axis after deformation. In the following
figure are shown two points A and B on a cut made perpendicular to the neutral
axis of the undeformed beam. As a result of the application of the bending

- . * sk
moment M, cut A-B rotates in the counter-clockwise sense to produce 4 — 8 ;

~ . . . * A .
however, as a result of this assumption, 4 — B remains perpendicular to the
deflection curve. Also, the radius of curvature of the deflection curve 1s denoted

as p in the figure.
’ C\Aﬂf\-ﬂf LR f vod iy,
C\hﬂ(!\-()f‘ \Of QQM'L\\\(‘Q.
deformed beam

M
exaggerated scale) k-\

center of curvature of
deflection curve

deflection
curve, v(x)

neutral surface undeformed beam X Q‘
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b) Flexural stresses due to bending in beams
Consequences of the Euler-Bernoulli assumptions:
* Asaresult of the above Euler-Bernoulli assumptions, it can be shown that the axial

strain € across a perpendicular cut in the beam has the following distribution in y

£ = —l = 2&(«@ ‘K ddotce Lrom ‘\‘*\AY\\ ‘b\\mQ

where v is measured from the neutral surface of the beam and p 1s the radius of
curvature of the deflection curve for the loaded beam.

» For a linearly-elastic material for the beam, the normal stress distribution in y 1s

therefore: J
(2)
—.‘.
"4 G“, - [:gv\‘ l ,VI
neutral surface * neutral surface
. —> =3
£ (o
. X X
strain distribution across cut stress distribution across cut
W\ tve [+ The resultant axial force on the face of the cut is found by:

s W\
hewdval 0=r Jad"-‘;l*‘“‘ w} 5@

where A is the area of the cross section at the cut and y is y-position of the

centroid of the cut. Since the beam 1s known to be in pure bending, the resultant
axial force on the face of the cut must bc zero Therefore, using the above, we see

that: 50 \ng Q.’\' a)

or, in words, the neutral axis must p¥st through the centroid of the cross section of
the cut

Beams: Flexural and shear stresses Topic 10: 5 Mechanics of Materials



RESULT: When studying the stress distribution in beams, determine first the
location of the centroid of the cross section — the neutral axis passes through this

point.

» The resultant moment about the neutral axis must be equal to the couple M.

Therefore,
_E
M= —j =2 da=—= (4)
A f 4
where:

[ = J yz dA = second area moment of cross section (5)
L e
! A
» Combining equations (2) and (4) gives the desired relationship between the applied
couple M and the_distribution of normal stress across a cross section of the beam:

Mg
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Summary: pure bending at a beam cross section

At a cut through a section of a beam experiencing pure bending (zero shear force, ' =0)
and abiding by the Euler-Bernoulli assumptions, we can make the following observations
(see following figure):

a) Even though loads are applied transverse to the beam, axial strains and stresses are
produced. Only normal stresses o exist at the cut.

b) The extensional strain & =-y/p is inversely proportional to the radius of
curvature of the beam deflection curve at a cross section, x.
¢) The signs of p and y govern the sign of & . If p is positive, the center of curvature

of the beam deflection lies above the beam, that is, on the +y side of the beam and
the deformed beam is concave upward. Because of the negative sign in the equation

of €, the sections above the neutral surface are in compression, while the sections

below the neutral surface are in tension.

— Tension

5 (O

— Compression

(p< ())\“\

N\

“~— Tension h
s : |
1 \—/ 1 o

(a) Positive curvature. (b) Negative curvature.

d) The axial strain is not uniform across the section but varies according the height of
the point from the neutral axis. Flexural strain reaches maximum at the top and
bottom of the beam and is zero at the neutral axis where there is no axial strain.

¢) The neutral axis of the cross section (axis of zero strain) passes through the centroid
of the cross section.

f) The normal stresses vary linearly in the y-direction: ¢ (y)=—-My /I, where I 1s
the second arca moment of the cross section at the cut about the neutral axis. The
negative sign In this equation results from sign conventions established earlier. For
example, a positive bending moment results in negative (compressive) stress above
the neutral axis and positive (tensile) stress below the neutral axis.

g) The normal stresses are constant in the z-direction (into the depth ot the beam).

==
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h) The normal stress is zero at the neutral axis.

1) The maximum (magnitude) normal stress exists at the most outer surface of the
beam (as measured from the neutral axis). In particular,

| M]15]
— max
YMMmax Ji
———
where |V =max|h, . h )
“lmax ( r-rB

1) The bending moment M can be written in terms of the radius of curvature p of the
beam deflection as: M = EI/p. Since M is a constant over the section of pure

bending, the radius of curvature is also a constant. Hence, we conclude that a
section of pure bending of a beam takes on the shape of a circle (circle = curve of
constant radius of curvature).

pure bending at cut

o) (E

Aess distribution acrA

y J
G () a.(»)
- .- —»
hy. A —" h,
v neutral surface %] -»neutral surface ¢
= = 4
hy —.. Oy P g, Tz
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Example 10.1

A simply-supported beam 1s loaded as shown. The cross section at location C of the beam
is as shown below right, where C is somewhere between the two applied loads P. Point O
on the cross section is on the neutral axis of the beam.
a) Determine the second area of moment of the beam cross section. Leave your
answer in terms of b and h.
b) Determine the distribution of normal stress on the cross section of the beam as a
function of y.

¢) Determine the maximum (magnitude) of the normal stress on the cross section.

y l 1 | T
P P
d d 7
<« —» ( le—>!
: v v K L2
0 ‘ O X z
.L\. [4 0
hl?2
b/2|b/2
Y, Wa

y o F 1 DR
) E-L—L—]%K {7 A.zs vy-P
- :'I?[:* '5»‘ (EMS‘ z -AKX + p("‘&} W ),
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Example 10.2

A beam is loaded in pure bending, as shown. The cross section at location C of the beam
is as shown below right, where C is somewhere along the length of the beam. Point O on
the cross section is on the neutral axis of the beam.
a) Determine the second area of moment of the beam cross section. Leave your
answer In terms of R.
b) Determine the distribution of normal stress on the cross section of the beam as a
function of y.

¢) Determine the maximum (magnitude) of the normal stress on the cross section.
J‘
c
1 A B
R
| ) ©
X - -
- o
M M
v K
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