Lecture topics:
a) Simple examples of plane stress.
b) Stress transformation equations for plane stress.
c¢) Principal normal stresses and maximum shear stress.
d) Mohr’s circle.

e) Absolute maximum shear stress for plane stress.
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b) Stress transformation for plane stress

Here we start with a state of plane stress with normal stresses o, and o, acting on

faces perpendicular to the x- and y-axes, respectively, and shear stress 7,, acting on the

four faces. Our goal here is to determine the normal and shear components of stress
acting on a face, QR, whose normal “r” is at an angle of 8 measured CCW from the x-
axis, as indicated in the figure below.

Let AA be the area of the cut face QR. Therefore, the area of faces PQ and PS are
AAcosO and A Asin@, respectively.
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At this point, we will perform an equilibrium analysis of the cut section PQR (left side

of the cut) to determine the stress components o, and 7,,.

Summing forces in the n-direction on the cut section gives:

EFn = GnAA—szAACOSG‘)COSQ—(TxyAACOSO);in—Q
~(0,A45in6)sin6 (7, Adsing )cos6
0= (Gn -0, cos? 6 — o, sin® 6 — 21, cos@sinG)AA

‘ _ 2 ) -
0,=0,c0s8"0+0,sin” 0+27,,cosOsin6 \

oy

Similarly, summing forces in the t-direction on the cut section gives:
ZFt =T, AA+ (0 AAcosH)sin6 — (TxyAACOSQ)COSQ
- (O'yAAsine)cos@ + (’L’xyAA sin9)sin9
0= |:Tnt + (O'x - O'y)cosesine— Thy (0032 6 —sin? 0)}AA =

| Ty = _(Gx —Gy)COSQSine—Txy(COSZG—Sinz 9‘)\

g

(1)

2

Equations (1) and (2) provide us with equations for determining two of the three
components of stress, o, and 7,,, on the rotated stress element. The remaining state of

stress, 0,, can be found from equation (1) by substituting 6 +90° in for 6 (since the

[YP>4)
t
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0, =0, cos” (6+90°)+0,sin® (0 +90°)+21,, cos(6+90°)sin(6 +90°)

=0'xsin29+0'ycoszt9—21xycosesin0 ] Q)

—

With the use of some trigonometric identities', equations (1) and (2) can be written in a

slightly modified form, a form that we will find useful later on in interpreting the results
of stress transformations:

=
o,+0 o,-0 .
r. an[ > y]+( > y]00320+1xysm20 (1a)
T, =—(O-x;0-yjsin29+1xy c0s26 (2a)
N - Ty - CcSH 29

We cor. Cnd © Tuwe =

? oan MBQL S suca Y\natk Uy =0

(ovve ‘6\"'-&‘:)

! Here, we use the trig identities: sin26 = 2sinfcos6, cos”6 = (1+cos26)/2 and
sin? 6 = (1-cos28)/2.
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¢) Principal normal stresses and maximum shear stress
Equations (1a) and (2a) show how the normal and shear stresses on the n-axis face of a
2D stress element varies with the rotation angle 6 of the stress element:

0,—0O
o, =Gave+(%J00529+Txysin29 (1a)
0,—0
Ty = —(%)sin 20+7,,cos26 (2a)
where:
o,t0,
Oave = T

The question for us in this section is to determine the maximum and minimum values of
these normal and shear stress components as the stress element is rotated. The maximum
and minimum values of the normal stress are known as the “principal” stresses.

Principal stresses
To determine the rotations that correspond to the principal stresses we need to set
do ) : . .
d@n =0 and solve for the rotation angle. To this end, we write from equation (1a):
d —
In _ o 2"y sin20+27,,c0s20=0 =
do
sin260 T 1 T
tan20, = P — o = Op=—tan || —2L— (5)
P cos26 (0' —0 )/2 ) (o' -0 )/2
p x Oy x Yy

e We see that there are two values of 20, (20p; and 260p, ) separated by 180° that

satisfy equation (5): 20p, =20p; £180°, or:
0P2 = ePl + 900

e Substitution of these two angles back into equation (1a) gives the two values for
the principal stresses, 0p; and O p,. For given numerical values for the stress
state, this process of calculating principal stresses is straightforward. However,
we desire to develop general expressions for these principal stresses. To this end,
consider a right triangle having 7., and (O'x —O'y)/ 2 as opposite and adjacent

sides, respectively, for the angle 20p; shown below left:

Ty

(O'X—O'y)/z

Ty
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From this figure we see that:
_ T
sin26,,; = ?xy (0)

cos2,, =\ % =2)2

(7

2
where R = \/ T)%y + (G x— Gy) /4 . Substituting (6) and (7) into equation (1a) gives:

Gplzcave+(cx;o-y) (Gx_;;y)/z +rxy{%‘y}:am+R (8)
For the triangle corresponding to the angle 6, we have:

sin20,,, = —%y (6a)

c0s26 ) = —% (7a)
Substituting (6a) and (7a) into equation (1a) gives:

GPZZGave_(o.x;o-y] (Gx_;;y)/z _Txy|:%i|20ave_R 9)

e If we substitute either (6) and (7), or (6a) and (7a), into equation (2a) we see that:
Ty (Op1) = T (8p2) =0 (10)

In summary:

a) The two “principal” stress components 0 p; and 0 p, are given by:
O-Pl =0 R

ave —
b) These stress states occur on faces whose rotations are separated by 90° :
0P2 = ePl i 900

c) Equation (10) shows that the shear stress on the faces corresponding to principal
stresses is ZERO.

stress element orientation
showing principal stresses
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Maximum in-plane shear stress
To determine the rotations that correspond to the maximum shear stress in the plane we

T . . .
need to set —2-=0 and solve for the rotation angle. To this end, we write from
equation (1b):
c,—C
%z—Z ——— |c0820-27,,5in20=0 =
dé 2
in?2 co,—0,]/2 1 o,—0,]/2
tan2, = 120 :—( =9) = 6,=—tan" —(’“—y) (11)
cos 20, Tyy 2 Tyy

Using a procedure similar to that above for principal stresses (and detailed in the
textbook), we can show that there are two orientations 90° apart producing maximum
shear stresses of:

Tsl,sZ =IR

N 2
where, as before, R = \/Txy +(Gx - Gy) /14 .
In summary:

a) The two maximum shear stress values 7, and 7, are given by:
Tsl,sZ =IR
b) These stress states occur on faces whose rotations are separated by 90° :
0,, =6, £90°
These orientations are 45° rotations from the principal stress axes.
¢) The normal stress on the faces corresponding to maximum shear stress is NOT
zero, rather they are given by: 0,(0,)=0,(6,,)=0 where, as before,

avg

O uve =(O‘x+6y)/2.

y y max.shear axis
-

/
O
e Principal axis
T,

max

principal axis

principal axis

Opy O g

T,

max

Op2
O-avg
stress element orientation stress element orientation
showing principal axes showing axes of max.

shear stress
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Example 13.1

Consider the state of plane stress shown below. De&emmthe—stsessee—mrﬁfepm
shewn-belew=mhese-ostertation 13 X 40 CC W-rotatron-fres

I OOO Si
3000 3000 psi

®

Twax = QOOO?sc- e
f?. .3"‘ e/ a— S\ 'Z.ef\= —Ci'l
: Gooo pS\
L\m}» ¢ letm = 33°
> o P
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Example 13.2 Y,

For the given state of stress shown, determine the principal stresses, the maximum in-
plane shear stress and the stress element rotation angles corresponding to these stresses.

\ )g \‘\ X

ﬁ e
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Example 13.3

The state of plane stress at a point shown below can be described by a known tensile
stress 0, = 70MPa , and unknown tensile stress G,and an unknown shear stress 7. At
this point, the maximum in-plane shear stress is known to be 78 MPa, and one of the
two in-plane principal stresses is 22 MPa (in tension).

Determine the values of o and 7, as well as the other in-plane principal stress.

l y

i
70 MPa
<—T— T» §
T

R=28 Wo-
I, = 22Mf
q-_‘ QO “?Ou
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d) Mohr’s circle: visualizing the stress transformation

As seen in equations (1a) and (2a), for a given state of plane stress at a point (o, Oy,
T,y), We have the following stress transformation equations:

0,—0O

. ] €08 20 + T, sin 20

D

o,—0,) .
(Z.\ —_— Tnt:—( "2 yjs1n20+rxycos20

where 0 =(Gx+0'y)/2.

Suppose we take the square of both sides of the above two equations and add together

2
the results:
@n Wm) -\--C-Ne’( R

(( ave +Tn, K jcos29+1xysin20} -6 *
B S J
O0x=0y .
+| - sin20 + 7., cos26
2 y
O,—0O 2
=( x2 yj (c05220+sin229)+f

>, 2
= -Cxa *LQ',‘-Q‘7> =(Gx_6yj2+7§yéR2
2

Lt

The above shows us that if the results of the stress
transformation equations (1a) and (2a) are plotted in the
(0,7) space, the result is a circle:

)2Cy (sin2 20 + cos’ 29)

0), where

e whose center is located at (O'ave,

o :(Gx+0'y)/2,and

ave

2
c.—0
e whose radius is Rz\/( =l y] +T)%y
2

as shown in the figure to the right. This representation is Opy O ave Op
known as “Mohr’s circle” for a given state of plane Tont
stress (0' ,0,,,T ) .
ATy o,+0, 0,—0, S
O e R= +7
2 2 v
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What can we learn from Mohr’s circle?

a) The principal stresses, 0p; and 0 p, , are given by:
Op1 =Oqpet R
Op2 =O0qpe — R

b) The principal stresses occur at stress element orientations at which the shear

stress is zero, T=0.

¢) The maximum shear stress is given by:

Tmax = R

d) The maximum shear stress occurs at stress element orientations at which the
normal stress is 0 =0, .

These are all things that we discovered from analysis earlier when considering principal
stresses and maximum shear stress. The Mohr’s circle simply allows us to visualize
these results and will help us to remember these important relations.
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Using Mohr’s circle to locate planes of principal stresses and in-plane maximum shear
stress

Up to this point we have seen that Mohr’s circle in the ¢ — 7 plane provides us with
information on the description of the state of plane stress: the stress states lie on a circle

of radius R=\/1§y+(6x—6 )2/4 and centered on (0,7)=(0,,.0), where

y
O uve =(O'x+6y)/2, and where o,, oyand 7,, are the two normal components of

stress and shear component of stress, respectively, corresponding to a set of x-y
coordinate axes.

""""""""""""" T max
o
Op2 O ave Opi
T
o,t0 0,—0O 2
—_Z* Y — X y
Ogve = ) R= ( 2 J +TX}

What we have not done at this point is discussed how to relate a transformed stress state
through a rotation angle of 6 to its location on the Mohr’s circle in the ¢ — 7 plane.

Before attempting this, let’s review a couple points related to what we already know
about stress states and Mohr’s circle.

e Direction of positive shear stress in Mohr’s circle. We have defined a positive
shear stress on the x-face of the stress cube as being in the positive y-direction.
Once we rotate this stress cube, this notation is equivalently stated as being
positive in the n-face pointing in the t-direction. We will continue that here.
However, here we will point the positive 7 direction DOWNWARD in the
0 — T plane when constructing our Mohr’s circle diagram. The reasoning behind
this somewhat odd choice of positive direction is to maintain an equivalence in
the direction of rotation of the element in the physical space with the direction of
rotation (e.g., to insure that a CCW rotation in the physical space corresponds to
a CCW rotation in Mohr’s circle plane).

Stress transformations and Mohr’s circle Topic 13: 15 ME 323



e Angle of rotation vs. angle in the ¢ — 7 plane. Note that the stress transformation
equations are all written in terms of the angle 26 , where 0 is the physical angle
of rotation in the x-y plane:

0,—0
0=0,,t [%)cos 20+7,,sin20

O-x_o-y .
T=—| ——= sm20+1’xyc0320
2

As a result, a physical angle of rotation of 6 corresponds to an angle of rotation
of 20 in the o — 7 plane.

Both of these are demonstrated in the following figure. This figure contains much
detailed information concerning the construction of Mohr’s circle and the relationship of
rotations in the physical x —y plane to rotations in the ¢ — 7 plane. In addition, we can
readily see the locations of the principal stresses and maximum in-plane shear stress.
Study this figure, and then move onto the next page where we have listed a series of
steps that are convenient for constructing Mohr’s circle from a state of stress

(04,074

negative T 0, =06, +45°

ave O-avg

rotation for
max. shear stress

o,

ave

y

Opy =6, +90°

nl

positive T

4__L %F X-y components principal components
X
; o,

of stress of stress




Construction of Mohr’s circle for a general state of plane stress
For a given state of stress (0, 0, 7,,) for a point:

1)

2)

3)

4)

5)

6)

Establish a set of 6-T axes (be sure to use the same scale on each axis)::
® +G points to right
® +7 points down

Calculate the two parameters that define the location and size of Mohr’s circle:
o.t0

v _
® 0,.= S - average normal stress
c_ -0
e R= I A LS
2 s

Draw a circle in the ¢ —7 plane with its center C at (G,T) = (O' - e,O) and having

a radius of R.

Show the point X given by the coordinates (G,T)z(dx,fxy)on the Mohr’s

circle. Line OX is the x-axis. (Note that the y-axis is at a 180° from the x-axis in
the o —7 plane.)

The components of stress on the face of a stress element rotated through an angle
of 6 corresponds to a point N on Mohr’s circle found through a rotation of 26
on the circle.

The angle from the x-axis to the o —axis in the Mohr’s circle plane is 26,
where 6, the rotation angle for the stress element that produces the largest
principal stress o p,. It is readily seen from the figure that the principal stresses

are given by: 0 p| p, =0, T R.

Tmax

n—axis
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Alternate (graphical) construction of Mohr’s circle for a general state of plane

stress

For a given state of stress (0, 0, 7,,) for a point:

1)

2)

3)

4)

5)

6)

7)

Establish a set of 6-T axes (be sure to use the same scale on each axis):
® +G points to right
® +7 points down

Locate points X and Y at locations (O'X,Txy) and (Gy,—fxy) on your set of axes.

Connect points X and Y with a straight line, and locate the center of the Mohr’s
circle at location C where this line crosses the o — axis . This intersection occurs

at (0' ave,O). Note that the x- and y-axes correspond to lines CX and CY,

respectively.

Draw a circle with its center at (0' o 6,0) and passing through points X and Y.

2
. . . O-x Y y 2
Calculate the radius of the circle using R = — +To,

The components of stress on the face of a stress element rotated through an angle
of 6 corresponds to a point N on Mohr’s circle found through a rotation of 26
on the circle.

The angle from the x-axis to the o —axis in the Mohr’s circle plane is 26,
where 6, the rotation angle for the stress element that produces the largest
principal stress o p, . It is readily seen from the figure that the principal stresses

are given by: 0 p| p, =0, T R.

max
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Example 13.4

Draw the in-plane Mohr’s circle for the plane stress state shown below. What are the
principal stresses and the maximum in-plane shear stress? "D eaw 4w p.0.S2,

St |
-92,-16 32 mPa y ™S
( ) CL 16 MPa
ng’“ =D oo \

N\
" 4

N Loce >3

Ul& B) | ‘W,O-Il‘
\

Tave = TIn¥SH - 4%’37— \ J 7t 3
N4 ", sI'B
2 2- Sy L q%.\

_ Tweoxe =

= s (Tase, Turose)

N = \\@'*3121-\—'&:\ = BAWa 20?7 sw20:16

—IG o R

T, = Towe + B = SL1 We e =02
2 90-20

T, = Suave — R = -3S. ) WP
Qoz. N >

\ M"’-
351 MR 5" A1

\ o
— /Aﬁ"i x >
@'\/ 21\.\ WCo

s\
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Example 13.5

Draw the in-plane Mohr’s circle for the plane stress state shown below. Determine the
axial load P acting on the ba

gu—

TUx = S0 ™M ol dovloo S
T, = O £&— t_,x‘-——; 80 Wo.

Note Pax eor 5 45° Lrouo
oxid ©o% \oa.d.a:_\&a-
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Mohr’s circle examples — some special stress states

Uniaxial stress (e.g., uniaxial load on member)

(GX,O' T ):(GO,O,O)

Uy
y
< — x o
%y 9
Opy=0 Op =0y
G e =00/2
T
stress element Mohr’s circle

Hydrostatic stress (e.g., thin-walled spherical pressure vessel)

(Gx,cry,rxy)=(0'0,cro,0)

y

-~
9

—— —>— x (o
Gy %y
v O 0 H
Owe=00=0p1 =0p
T
stress element Mohr’s circle

Pure shear stress (e.qg., axial torque on member)

(ox,oy,rxy): (0,0,1’0)

y

— 5 %

— Ao

stress element Mohr’s circle
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e) Absolute maximum shear stress for plane stress

y
A
g,
) t
Opy
) Xy
|
«— ! P
1
o, H Oy X
Txyv 4 ______ -
Z
o. rotation about 7 — axis
Y z
stress element in stress element in rotated to
plane stress orientation for principal

stresses

Recall for a state of plane stress, the stress element shows zero normal and shear stresses
on the z-face. As we rotate the stress element about the z-axis, we observe the normal
and shear stresses on the other four faces change according to our stress transformation
equations. When rotated to the orientation showing the principal stresses, only the
normal stresses appear on these four faces, as shown in the figure above right.

The Mohr’s circle for the stress element rotation described above is shown in the
following figures, considering the three possibilities on the signs of the principal stresses
Opjand Op, .

0<0p, <Op Opr <0<0p Opy <0p <0

in— plane rotation in— plane rotation in— plane rotation

-7

| AN
4 /)

. LN/

max max max

Ops Opi Ops Opi Op2 Opi

Stress transformations and Mohr’s circle Topic 13: 22 ME 323




Now, starting with the orientation of the stress element corresponding to the principal
stresses, say we rotate the stress element about the “n” axis, as shown below.

rotation about n— axis

Z

Since the z-face of the stress element is stress free, a 90° rotation produces zero normal
and zero shear stress on the t-face. The Mohr’s circle for this rotation is shown below,
considering the two possibilities on the sign for o p, . Note that 0 =0 is an out-of-plane

principal stress.

0>0p, 0<op,

Opy/2

Op2 Op2

Stress transformations and Mohr’s circle Topic 13: 23 ME 323



Similarly, a rotation of the stress element about the “#” axis, starting with the principal
stresses orientation, produces the Mohr’s circle shown below, depending on the sign of
0. Note that 0 =0 an the out-of-plane principal stress.

rotation about t — axis

0>0p 0<op

—0p/2 op/2

L Opy /2 —O0p1/2

Op1 Op1

Suppose that we superimpose the Mohr’s circle for these three stress element rotations.
In the end, we will have three sets of Mohr’s circles, depending on the signs of the
principal stresses 0 p; and O p, , as shown in the following.
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0<op, <0 op,<0<o Opy<0Op <0
P2 P1 P2 P1 P2 Pl

. . rotation about G p, — axis
rotation about O p| — axis

rotation about G py — axis

in— plane rotation rotation about © p, — axis

. . in— plane rotation
in— plane rotation

rotation about © p, — axis

T T

max abs
\ rotation about O p| — guxis

max abs

o T

T,

max abs

_0p1t0py

Opri
= 2 Tmax,abs - D) max,abs = 2

In conclusion, we see that the “absolute maximum shear stress”,

max,abs
(the largest shear stress observed for both in-plane and out-of-plane
rotations) depends on the signs of the in-plane principal stresses, o, and

O p, : 1f they are of the same sign, then 7 is half of the larger of the

max,abs

two, and if they are of opposite signs, then is the average value of

max,abs

the two in-plane principal stresses.

An alternate way (and easier to remember way) to express this result is to
first introduce the following notation for principal stresses: consider the two
in-plane principal stresses o, and o, , and the out-of-plane principal

stress (which is zero) and rename these in the following way:
e o, is the largest of the three

e 0, is the smallest of the three
® 0, is the intermediate of the three
That is, 0, <o, <o,. With this notation, we can simply write:

0,-0;
T =
max,abs 2

as summarized in the following.
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Tmax.abs

0<0py <Op

Timax.abs

T

03=0 0,=0p, 0,=0p,

_01-03"%0p
max,abs — 2 = 2

Opy <0<0p

Tmax abs

T,

max abs

03=0p; 0,=0 0,=0p,

01-03"*0p —Opy

Tinax abs = 2 B

T,

max.abs --------.

_01=03"%0p)
max,abs — 2 = b

Stress transformations and Mohr’s circle
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Example 13.6

Determine the principal stresses and the absolute maximum shear stress for the plane
stress element shown.

y

7 ksi

1

3 ksi

12 ksi
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Example 13.7

A state of plane stress is given by: 6 =12 ksi, O y= 12 ksi and Ty = 4 ksi . Determine

the principal stresses and the absolute maximum shear stress for this state of stress.
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Example 13.8

T 30 MPa

The Mohr’s circle for a stress state is presented above.
a) Show the locations of the y-axis in the Mohr’s circle above.

b) Determine the principal stresses and the absolute maximum shear stress for this
state.

¢) Determine the values for o,,0 y and Ty of this stress state.
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Example 13.9

Consider the loaded pulley bracket shown below.

a) Determine ., 0, and Ty corresponding to 6 =20°.

y

b) Determine the principal stresses and maximum in-plane shear stress, along with
the corresponding rotation angles.

1.2 ksi

4.8 ksi

T A ki

RN,
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b)

d)

2)

h)

Reflection: Stress transformations and Mohr’s circle (for a state of plane stress)

y
t
1%y
T n
—p
‘—t f > X
o, | o,
T
“T—
VVG}V

What is a stress element?

Why are we interested in stress transformations?

There are the two important parameters that we need to represent a state of stress — what are they?

What are principal stresses? How are these related to the two parameters mentioned in ¢) above?

What is the maximum in-plane shear stress? How is this related to the two parameters mentioned
in ¢) above?

Where is the center of Mohr’s circle? What is the radius of Mohr’s circle?

Why do we choose the “positive” direction of T as downward?

How do we know that a rotation of 6 in the physical world correspond to a rotation of 26 in
Mohr’s circle?

How can we use Mohr’s circle to find the rotations of the stress element that correspond to the
principal components of stress and the maximum in-plane shear stress?
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Additional notes:
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