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Reminders
• Keep up with daily homework

• Try your favorite programming language to help solve systems 
of equations for the homework

• Final Exam on Tuesday (5/5) from 7-9 PM
oEither in LE-102 or LE-103
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• Impulse-momentum for rigid bodies
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Last Lecture



• Used for dynamic analysis of planar motion of rigid bodies

• Must use acceleration of G in Newton’s equation

• You can choose any point A, just be consistent and some will 
make your life easier.

• Remember your sign conventions!
• Moments of inertia are given for center of mass. Use parallel 

axis theorem
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Newton-Euler Equations

෍ 𝑀𝐴  = 𝐼𝐴 Ԧ𝛼 + Ԧ𝑟𝐺/𝐴 × (𝑚 Ԧ𝑎𝐴)෍ Ԧ𝐹 = 𝑚 Ԧ𝑎𝐺

𝐼𝐴 = 𝐼𝐺 + 𝑚𝑑𝐴G
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Comparison: N-E
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Newton-
Euler
(relates 
forced to 

acceleration)

Particle ෍ Ԧ𝐹 = 𝑚 Ԧ𝑎𝐺

Rigid Body
G= c.m. & 

A= point on 
Body

෍ Ԧ𝐹 = 𝑚 Ԧ𝑎𝐺

෍ 𝑀𝐴 = 𝐼𝐴 Ԧ𝛼 + 𝑚 Ԧ𝑟𝐺/𝐴 × Ԧ𝑎𝐴



• The point P for the KE can be any point on the rigid body! 
Usually we choose…
oThe center of mass (G) so Ԧ𝑟𝐺|𝑃 = 0

oFixed point O (possibly the instant center) so Ԧ𝑣𝑝 = 0
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Work-Energy Equations

𝑇2 + 𝑉2 = 𝑇1 + 𝑉1 + 𝑈1→2
𝑛𝑐

𝑈1→2 = න
1

2
Ԧ𝐹 ∙ ሶƸ𝑒𝑡𝐵𝑑𝑠 + න

1

2
𝑀 ∙ 𝑑 Ԧ𝜃𝑇 =

1
2

𝑚𝑣𝑃
2 +

1
2

𝐼𝑃𝜔2 + 𝑚 Ԧ𝑣𝑝 ∙ (𝜔 × Ԧ𝑟𝐺|𝑃)

𝑇 =
1
2

𝑚𝑣𝑃
2 +

1
2

𝐼𝑃𝜔2 + 𝑚 Ԧ𝑣𝑝 ∙ (𝜔 × Ԧ𝑟𝐺|𝑃)

𝑇 =
1
2

𝑚𝑣𝑃
2 +

1
2

𝐼𝑃𝜔2 + 𝑚 Ԧ𝑣𝑝 ∙ (𝜔 × Ԧ𝑟𝐺|𝑃)

LKE RKE

r s



Comparison: W-E
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Work-
Energy
(Relates 

change in 
speed to 
position)

Particle 𝑇1 + 𝑉1 + 𝑈1→2
𝑛𝑐 = 𝑇2 + 𝑉2

Where 

𝑇 =
1
2

𝑚𝑣2

Rigid Body
G= c.m. & 

A= point on 
Body

𝑇1 + 𝑉1 + 𝑈1→2
𝑛𝑐 = 𝑇2 + 𝑉2

Where 

𝑇 =
1
2

𝑚𝑣𝐴
2 +

1
2

𝐼𝐴𝜔2 +

𝑚 Ԧ𝑣𝐴 ∙ 𝜔 × Ԧ𝑟𝐺/𝐴



• G is the center of mass and A could be anywhere

• If A is on the body

• Coefficient of Restitution
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Impulse-Momentum Equations

න
1

2
෍ Ԧ𝐹 𝑑𝑡 = 𝑚( Ԧ𝑣𝐺,2 − Ԧ𝑣𝐺,1) 

න
1

2
෍ 𝑀𝐴 𝑑𝑡 = 𝐻𝐴,2 − 𝐻𝐴,1 = 𝐼𝐴(𝜔2 − 𝜔1) 

𝑒 = −
𝑣𝐵𝑛2 − 𝑣𝐴𝑛2

𝑣𝐵𝑛1 − 𝑣𝐴𝑛1

fracuparrowextuparrow

A m

uparrow

ust be

LIM

on the visid
busyAIM



Comparison: IM
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• Let the FBD guide you!

• When is Newton-Euler useful?
oHow many moments in time?
oWhat can you solve for?

• When is W-E useful?
o How many moments in time?
o What can we solve for with W-E?

• When is AIM and/or LIM useful?
oHow many moments in time?
oWhat can you solve for?
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How to choose a method?

1 moment in time

a I and forces

2 moments in time

distance Velocity angular
velocity

impulse Ot



Summary
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Method Newton-
Euler

W-E LIM AIM

# of states 1 2 2 2
Impacts? n.a. Cannot use for 

impacts
Can use for 

impacts
Can use for 

impacts
Integral 
term is 
over…

n.a. Distance (ds) Time (dt) Time (dt)

Coordinate 
System

Will need to 
use all three!

Usually, cartesian Usually, cartesian Usually, polar

Diagrams FBD & 
Kinetics

FBD FBD FBD

Systems Usually only 
consider one 

object

Usually want to 
include all objects 

in system

Usually want to 
include all 

objects in system

Usually want to 
include all 

objects in system



What method? (Q1)
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a) N-E
b) W-E
c) LIM
d) AIM

N E 2 states

WE Tds
LIM
AIM



What method? (Q2)
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a) N-E
b) W-E
c) LIM
d) AIM

DEX

momentNEOneintine asked to
find somefursWELIM

AIMno Time for timez
cant solve for this force



What method? (Q3)

14

a) N-E
b) W-E
c) LIM
d) AIM 1theta02theta50circ

momentsintimeZNEWE

Vspfrack2leftLL0right2
AIMLIMFd

spring
Fspringlefttrightd t



What method? (Q4)
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a) N-E
b) W-E
c) LIM
d) AIMbxMomentum

in
LIM

FaAIM



What method? (Q5)
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a) N-E
b) W-E
c) LIM
d) AIM 0

WE 2 moments in time

V11n1intMfracdthetauparrow
LIMAIM

intMdt



What method? (Q6)
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a) N-E
b) W-E
c) LIM
d) AIM Oy downarrow

0XnearrowLIM

AIMW
E
Khanges in height tov or w̅



What method? (Q7)
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a) N-E
b) W-E
c) LIM
d) AIM

N E



What method? (Q8)
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a) N-E
b) W-E
c) LIM
d) AIM

nearrow

Unc12intFds
LIM

AIM

leftrightarrow5



What method? (Q9)
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a) N-E
b) W-E
c) LIM
d) AIM



What method? (Q10)
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a) N-E
b) W-E
c) LIM
d) AIM

uparrowmathbbRyRX



What method? (Q11)
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a) N-E
b) W-E
c) LIM
d) AIM

V12nc0



What method? (Q12)
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a) N-E
b) W-E
c) LIM
d) AIM



What method? (Q13)
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a) N-E
b) W-E
c) LIM
d) AIM

linear

momentumf
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Question 1

෍ 𝑀𝐴  = 𝐼𝐴 Ԧ𝛼 + Ԧ𝑟𝐺/𝐴 × (𝑚 Ԧ𝑎𝐴)න
1

2
෍ Ԧ𝐹 𝑑𝑡 = 𝑚( Ԧ𝑣𝐺,2 − Ԧ𝑣𝐺,1) 

න
1

2
෍ 𝑀𝐴 𝑑𝑡 = 𝐻𝐴,2 − 𝐻𝐴,1 = 𝐼𝐴(𝜔2 − 𝜔1) 

𝑇2 + 𝑉2 = 𝑇1 + 𝑉1 + 𝑈1→2
𝑛𝑐𝑇 =

1
2

𝑚𝑣𝑃
2 +

1
2

𝐼𝑃𝜔2 + 𝑚 Ԧ𝑣𝑝 ∙ (𝜔 × Ԧ𝑟𝐺|𝑃)

Yes buth A6Noonly 6 here

forLIM2
Yes both AQ 6 for W E.ua

Yes both A 6 for AIM



Question 2
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6 is not on

body
and for E

mix a sticks
around



Question 3
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ay hey
whithmeans

propto is L WSigmaMbTABRYCDRILalpha T
1 n

α must be
negative b c car
TABTID

TABF

msrut



Question 4
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IAI6md2
IBILnd2



Question 5
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PE all converted
to lineau KE
unlike disk
where some
boes to
rot KE



• We…
oSummarized rigid body kinetics

• Next lecture we will…
o Introduce vibrations!
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Lecture Summary


