
ME 274: Basic Mechanics II
Lecture 40: Vibrations – Forced response



Announcements:

• Fill out the course Eval. and submit proof on Gradescope for bonus points – deadline 5/3

• Submit any questions you have for Friday’s class over gradescope

Final Exam Info:

• Tuesday 5/5, 7-9 pm in UC 114

• Inform me of conflicts ASAP

• Review session 5/3 @ 7pm over Zoom – see Exams tab on course blog for the link

• Content: 3 longform problems on material after exam 2, multiple choice covering the entire course



Forced Vibration Response

• Remember that the solution to the EOM 𝑴𝒙̈ + 𝑪𝒙̇ + 𝑲𝒙 = 𝑭 𝒕 is 𝒙 𝒕 = 𝒙𝒄 𝒕 + 𝒙𝒑 𝒕

• Specifically, we are looking at systems that have a harmonic excitation: 𝑭 𝒕 = 𝑭𝟎 𝐬𝐢𝐧 𝝎𝒕 OR   𝑭 𝒕 = 𝑭𝟎 𝐜𝐨𝐬 𝝎𝒕

• The general form of the particular solution can be assumed to be: 𝐱𝐩 𝒕 = 𝑨 𝒔𝒊𝒏 𝝎𝒕 + 𝑩 𝒔𝒊𝒏 𝝎𝒕

Considering a sine excitation:

𝑥̈ + 2ζ𝜔௡𝑥̇ + 𝜔௡
ଶ𝑥 =

1

𝑀
𝐹଴𝑠𝑖𝑛𝜔𝑡

Substituting in our assumed solution form:

-𝜔ଶ𝐴 sin 𝜔𝑡 − 𝜔ଶ𝐵 cos 𝜔𝑡 + 2𝜁𝜔௡ 𝜔𝐴 cos 𝜔𝑡 − 𝜔𝐵 sin 𝜔𝑡 + 𝜔௡
ଶ 𝐴 sin 𝜔𝑡 + 𝐵 cos 𝜔𝑡 =

1

𝑀
𝐹଴ sin 𝜔𝑡

⇒ 𝜔ଶ + 𝜔௡
ଶ 𝐴 + 2𝜁𝜔௡𝜔 𝐵 sin 𝜔𝑡 + −(2𝜁𝜔௡𝜔 𝐴 + −𝜔ଶ + 𝜔௡

ଶ 𝐵] cos 𝜔𝑡 =
1

𝑀
𝐹଴ sin 𝜔𝑡

Balancing coefficients:
𝑐𝑜𝑠𝑖𝑛𝑒:        − 2𝜁𝜔௡𝜔 𝐴 + −𝜔ଶ + 𝜔௡

ଶ 𝐵 = 0

𝑠𝑖𝑛𝑒:              𝜔ଶ + 𝜔௡
ଶ 𝐴 + 2𝜁𝜔௡𝜔 𝐵 =

1

𝑀
𝐹଴



From last lecture: Undamped Force Response

Response amplitude vs. forcing frequency

Low frequencies (
ఠ

ఠ೙
≪ 1):

• Quasistatic response → amplitude is ≈ 𝐹଴/𝐾
• System essentially behaves as though there is a 

constant applied force of magnitude 𝐹଴

High frequencies (
ఠ

ఠ೙
≫ 1):

• Amplitude asymptotically approaches 0
• At high frequencies the system cannot respond 

quickly enough due to inertial effects

Resonance (
ఠ

ఠ೙
= 1)

• The amplitude of the response is unbounded 

𝑥௣ 𝑡 = 𝐴 sin 𝜔𝑡 =
𝐹଴/𝐾

1 −
𝜔

𝜔௡

ଶ sin 𝜔𝑡
→  A  =  I / K

1 -  ( w o n ) '



The particular solution 𝑥௣ 𝑡 = 𝐴 sin 𝜔𝑡 + 𝐵 cos 𝜔𝑡 can be rewritten:
𝑥௣ 𝑡 = 𝑋 sin( 𝜔𝑡 − 𝜙)

𝜙 → phase
𝑋 → amplitude 

✗  = A ²  +  B ²



<  K X C
→

K l x . - ⅓ )  R C X c - X a )

k ( ✗  e -  b )

s

R C R A - y )

①

Z③

④

1 )  s p r i n g  c o m p r e s s e d

2 )  a s s u m e  X ,  >  X a  →  s p r i n g  s t r e t c h e d

3 )  a s s u m e  ✗  a  >  y  →  s p r i n g  s t r e t c h e d

4 )  a s s u m e  l a z y  →  s p r i n g  s t r e t c h e d



. .
-  4 0 0  ✗  -  2 0 5 i n  A t

W n ' →  W n  =  2 0 r a d ' s

1  ( t ) :  A c o s h t  +  B s i n d t

 p  ( t )  =  A N O S  R t - B R ?  i n n t

( - A R E O S  R t - B r }  i n  R t ) - 4 0 0  ( A c o s R E  +  B s  i n t ) - 2 0  s i n e

c o s :  - A R ²  +  4 0 0 A  =  →  A

S i n :  - B R  +  4 0 0 1 3  =  2 0  →  B  =  4 2 0 0 - a

B :  2 04 0 0 - 1 3 0 1  →  B S O  →  o u t  o f  p h a s e



-  s i g n  d o e s n ' t  r e a l l y  m a t t e r ,
j u s t  b e  c o n s i s t e n t

a s s u m e  ✗  >  X p

✗  B

m a k e  a n  a s s u m p t i o n

k i n e m a t i c s
E F ,  =  m i  =  - 2 k  ( x - ✗  B )

⇒  m i x  +  2 K  ✗  =  2 k  b s i n w t  E O M

p a r t i c u l a r  s o l n .
X p  ( t )  =  A  c o s w t  +  B s i n  w t

X p  ( t )  = _ A w ² c o s w t - B w ² s i n w t

M  ( - A W ² c o s W t  - B w ' s  i n w t ) - 2 K  ( A c o s w t  +  B s i n w t )
= 2 k b s i n w t

K k - ✗  B )
K k - B )

N

↓  m g

x

X p  ( t )  =  2 R b-  m u z z e s :  n w t  ←  a m p l i t u d e :  A  =
f o r c e d  r e s p o n s e  A

/ 2 k b
2 K - M W

a m p l i t u d e  f o r c e d
r e s p o n s e  b  ⇒  b

2 K b

2 K - m W1
2 b  = 2 k - m w ²

2 b  =  Z K b
2 k - m w ²

-  2 k b 2 K - M W ?  K
w  =  t e n

2 k - m W ? - K
W  =  B R M

2 b -

C o s :  f -  M W - +  2 K ) - A  =  0  →  A - 0

s i n :  ( - m W ²  + 2 k )  B  =  2 k b  B  =  2 k b
-  M W ?  2 K



X s t  =  -  ( M a m )  g  F B D :
k

X s É - ✗  s t  -  3 m m  =  A M G  →  f i n d  K
k

K y o s i n  R T I )  f i n d  u s i n g  p l o t

y

m g

K l x - y )

m i

E F ,  =  m i  =  - m g  - k ( x - y )

E O M  ⇒  m +  k  x  =  - m g  +  k y

S t a t i c  :  = D  →  K E F - m g

( y - o )

→  X s t  =  ʰ %
/

z = X - X s t  ,  =  ✗

M E  +  k z  -  k g  =

Z  =  A c o s w t  +  B s i n w t

Z '  =  - A w ² c o s w t - B w - s i n w t



M C - A w ² c o s W t  - B w - s i n  w t )  +  K ( A c o s  w t  +  B s i n  w t )  =  k s i n w t

C O S :  - M A W - +  k  A  =  0  →  A - O
>  B -  K y os i n :  - m B W ²  +  K B  =  K y o  k - m w a

Z  ( t )  =  K y oR - m w z s i n w t  w e

>  Z T V  =  F n
L

2 T  V

L

r e s o n a n c e  →  w  =  w n  = E m V e r y  =  E F F



K XK k - y )

m

K i n e t i c s :
E F .  =  m i  =  - K x  - R X - y )

E O M :  M +  2 K x  =  K y o s i n w t

p a r t i c u l a r  s o l n .

( t ) -  A  c o s e t  +  B s i n w t

=  - A w o s w t - B w }  i n w t

-  m ( A W ² o s w t  +  B w ² s :  n w t ) - 2 K  ( A c o s w t  +  B s i n w t )
=  K y o s i n  w t

N

m g

c o s :  - M A W ?  Z K A - 0  →  A - °

s i n :  - M B W '  +  2 K B  =  K y o  →  B -  K y o

x p - 1 t h - a u g  n o t

1 A / =  /  K y o2 k - m w z  /  <  1 .  5 y .

( - m w h  2 k )



A
1 .  S y o

W o

Y o
2

W - F E m =  W n

W e

-  1 .  5 y o

A  =  K y 0
2 k - M w r  -  1 .  5 y

O >  s o l v e  f o r  W ,

A  =  K y o
2 k - m w z " - 1 .  S y

0 s o l v e  f o r  W z

W ,


