
ME 274: Basic Mechanics II
Lecture 38: Vibrations – Damped Free Response



Process for finding the free response vibration of an underdamped system:

EOM for the free response of a vibrating system: 
𝑴𝒙̈ + 𝑪𝒙̇ + 𝑲𝒙 = 𝟎

General solution to the homogeneous equation:
𝑥 𝑡 = 𝐴𝑒ఒ௧

We can therefore rewrite our EOM as:
𝜆ଶ𝑀 + 𝜆𝐶 + 𝐾 𝐴𝑒ఒ௧ = 0 

Solving for the roots of our characteristic equation:

𝜆ଵ, 𝜆ଶ =
−𝐶 ± 𝐶ଶ − 4𝑀𝐾

2𝑀
= −𝜁 ± 𝜁ଶ − 1 𝜔௡ 

For an underdamped system, 0 < 𝜁 < 1, we will have two unique, real roots:

𝜆ଵ, 𝜆ଶ = −𝜁𝜔௡ ± 𝑖𝜔ௗ,  𝜔ௗ = 𝜔௡ 1 − 𝜁ଶ

Our corresponding solution will have the form:
𝑥 𝑡 = 𝑒ି఍ఠ೙௧[𝐶 cos 𝜔ௗ𝑡 + 𝑆 sin 𝜔ௗ𝑡]

Solve for 𝐶, 𝑆, using 𝑥 0 , 𝑥̇(0)!
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Using the standard form of the EOM streamlines this process:

EOM for the free response of a vibrating system: 
𝑴𝒙̈ + 𝑪𝒙̇ + 𝑲𝒙 = 𝒇(𝒕)

Standard form:

𝑥̈ +
𝐶

𝑀
𝑥̇ +

𝐾

𝑀
𝑥 =

1

𝑀
𝑓(𝑡)

Knowing 𝜔௡ =
௄

ெ
,  𝜁 =

஼

ଶ ௄ெ
:

𝑥̈ + 2𝜁𝜔௡𝑥̇ + 𝜔௡
ଶ𝑥 =

1

𝑀
𝑓(𝑡)

If we calculate 0.5 < 𝜁 < 1, our system is underdamped and the corresponding solution will have the form:
𝑥 𝑡 = 𝑒ି఍ఠ೙௧[𝐶 cos 𝜔ௗ𝑡 + 𝑆 sin 𝜔ௗ𝑡]

Solve for 𝐶, 𝑆, using 𝑥 0 , 𝑥̇(0)!



What happens when we change our system? For a demo of this concept:
https://www.youtube.com/watch?v=lZPtFDXYQRU

WE 3: Erm

Wn-103=0.05

Wn-5 3=0.01

Wn- 10K 3=0.lk

Wn-SE 3=0.152



Response of an underdamped system - 𝑥 𝑡 = 𝑒ି఍ఠ೙௧[𝐶 cos 𝜔ௗ𝑡 + 𝑆 sin 𝜔ௗ𝑡]

amplitude
decay

Oscillation

8 ☑ 40 → Wn is imaginary

84-o-{so → Ent increasing amplitude w/time



Example 6.B.11
Given: 𝑀𝑥̈ + 𝐶𝑥̇ + 𝐾𝑥 = 𝑓 𝑡 , 𝑀 = 2kg
Find: the damping coefficient, 𝐶

Hint: use the concept of the logarithmic decrement!
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response ZCH:

ZCH = e- {Wnt (Acos Walt + Bsm Walt)

✗ (0) = 0 ⇒ z-fist → 2- -1st

Z (O) = 0

calculate A & B
z (O) = -✗ st = e° (ACOSO + Bsin-0) = A

 (t) = -zwne.tw"ECA cos Walt T Bsinwat)

Z (O) = -Zunt + B wd -0

⇒ B = -{Wnest

- \
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how?
1) derivative Z (t)-o

2) plot
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