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Solution to the Homogeneous Form of the EOM

From your studies of linear diff. eq., remember that the solution to the EOM MX + Cx + Kx = f(t) is
x(t) = x.(t) + x,(8)

() : x,(t):
e complimentary (homogeneous) solution p . Particular solution

» General form of the solution correspondingto f(t) = 0 - f() %0
* Free vibration response

CHIL oy looXing o free responsl_
General solution to the homogeneous equation:
x(t) = Ae?t

We can therefore rewrite our EOM as:
A2MAer + ACAe? + KAe?t =0
(A2M + AC +£()Ae’” =0

Chowracteristio e/n .



Solution to the Homogeneous Form of the EOM

Our Characteristic Equation for the homogeneous form of our EOM is a quadratic in the form:
PM+AC+K=0 |
\"\_2Z__givesusallthe info we need

To solve our EOM, we need to find the roots of the characteristic eqn.: to tell how our system
—C++VCZ = aMK behaves
Mide =y

What do these roots tell us about the behavior of our system?
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Discussion: Damping Ratio - { A A, = E 6 * ‘/ﬁ] J%

. . . . actual dampin
¢ is a normalized measure of the amount of damping in your system - { = P
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Case 2: 0 < { <1 - underdamped
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¢ is a normalized measure of the amount of damping in your system - { =

Discussion: Damping Ratio - {

Case 3: ‘f: | = cv: f’C'JLJ,a[aM«reJ/

Critically damped response (¢ = 1)
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Discussion: Underdamped systems

The solution to the homogeneous ODE for the underdamped case is:
x(t) = AjeMt + A et2t

Substituting our roots in: 44,4, = —Cw,, T iwy,

. — A, o(—Cwn—iwg)t A o p(—Cwn+iwg)t W/if'ﬂ VM?
x(t) = Aje + Aae /L/rc) 6‘/[0’\; /0 Sl

— ¢~ Cwnt [Al(:—iwdt + Ag(‘iwdt}
— g~ ¢wnt [A1 (coswgt — isinwgt) + Ag (coswgt + i sinwgt)]
= e “nt (A1 + A2) coswat + i (—A1 + A2) sinwat]
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Note the difference between w;,, and wg:
* w, = \/% — natural frequency - the frequency the system would oscillate at if there was no damping

* wyg = wy1—7% - damped natural frequency - th.e actual frequency of the oscillations
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Discussion: Underdamped systems Oscillat) yn
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Plotting our solution: x(t) = e ~$“n[C cos wyt + S sin wyt]
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The natural log of the ratio of amplitudes for successive peaks is called the Logarithmic Decrement:
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Which can be approximated for small damping (¢ < 1) as:
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Standard Form for the EOM of a Single-Degree-of-Freedom System

We can now express our EOM in a form that gives us immediate information about the behavior of our system:
Mz +Cz+ Kz = f(t)
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Example 6.B.8
Given: The system shown below consists of a block of mass m, which rests upon a smooth inclined
surface, that is connected to ground by two springs of stiffness 4k and k, respectively, and a dashpot

with damping constant c.
Find: Determine the value of the damping constant ¢, such that the system has 50 percent of \\\

critical damping.
ZF = mx
—Kx —Ykx - cx -wtjsme = My

M\( + CX +~5¢x = W\jSiV\Q = Meys Normedize
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Example 6.B.9

Given: The system shown below. pdouw o <
Find: Find the free response of the system corresponding to x(0) = z¢ and (0) = 0.
T Fx 7 Mx
—Kx - CX = MY

Mmx +cX ~kx -0
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