
ME 274: Basic Mechanics II
Lecture 37: Vibrations – Damped Free Response



Solution to the Homogeneous Form of the EOM

From your studies of linear diff. eq., remember that the solution to the EOM 𝑴𝒙̈ + 𝑪𝒙̇ + 𝑲𝒙 = 𝒇 𝒕 is
𝒙 𝒕 = 𝒙𝒄 𝒕 + 𝒙𝒑 𝒕

𝒙𝒄 𝒕 :
• complimentary (homogeneous) solution
• General form of the solution corresponding to 𝑓 𝑡 = 0
• Free vibration response

General solution to the homogeneous equation:
𝑥 𝑡 = 𝐴𝑒ఒ௧

We can therefore rewrite our EOM as:
𝜆ଶ𝑀𝐴𝑒ఒ௧ + 𝜆𝐶𝐴𝑒ఒ௧ + 𝐾𝐴𝑒ఒ௧ = 0

𝜆ଶ𝑀 + 𝜆𝐶 + 𝐾 𝐴𝑒ఒ௧ = 0 

𝒙𝒑 𝒕 :
• Particular solution
• 𝑓 𝑡 ≠ 0

Still only looking at free response

Characteristic eqn.



Solution to the Homogeneous Form of the EOM

Our Characteristic Equation for the homogeneous form of our EOM is a quadratic in the form:
𝜆ଶ𝑀 + 𝜆𝐶 + 𝐾 = 0

To solve our EOM, we need to find the roots of the characteristic eqn.:

𝜆ଵ, 𝜆ଶ =
−𝐶 ± 𝐶ଶ − 4𝑀𝐾

2𝑀

What do these roots tell us about the behavior of our system?

gives us all the info we need
to tell how our system

behaves

Wn

5- EM

natural
frequency

damping ratio



Discussion: Damping Ratio - 𝜻

𝜁 is a normalized measure of the amount of damping in your system - 𝜁 =
௔௖௧௨௔௟ ௗ௔௠௣௜௡௚

௖௥௜௧௜௖௔௟ ௗ௔௠௣௜௡௚

Case 1: 𝜁 = 0 → undamped

𝜆ଵ, 𝜆ଶ = ±𝑖𝜔௡,  𝜔௡ =
𝐾

𝑀

Case 2: 0 < 𝜁 < 1 → underdamped

𝜆ଵ, 𝜆ଶ = −𝜁𝜔௡ ± 𝑖𝜔ௗ,  𝜔ௗ = 𝜔௡ 1 − 𝜁ଶ

7,7.-E- {± 52-1 I ñ

2 imaginary roots

system oscillates forever@ natural

frequency with no amplitude decay

2 complex
foots

new parameter
Wd→
"damped
natural frequency:

Oscillation & decay,
most systems we're looking at



Discussion: Damping Ratio - 𝜻

𝜁 is a normalized measure of the amount of damping in your system - 𝜁 =
௔௖௧௨௔௟ ௗ௔௠௣௜௡௚

௖௥௜௧௜௖௔௟ ௗ௔௠௣௜௡௚

Case 3:

𝜆ଵ, 𝜆ଶ = 𝜔௡  

Case 4:

Two distinct real roots
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Critically damped response (  = 1)

2=1 → critically damped

repeated real roots → -Wn

→ system moves to eq. as quickly

as possible w/o oscillating

also does not oscillate,
takes longer to reach
equilibrium



Discussion: Underdamped systems

The solution to the homogeneous ODE for the underdamped case is:
𝑥 𝑡 = 𝐴ଵ𝑒ఒభ௧ + 𝐴ଶ𝑒ఒమ௧

Substituting our roots in:  𝜆ଵ, 𝜆ଶ = −𝜁𝜔௡ ± 𝑖𝜔ௗ

Note the difference between 𝜔௡ and 𝜔ௗ:

• 𝜔௡ =
௄

ெ
  → natural frequency – the frequency the system would oscillate at if there was no damping

• 𝜔ௗ = 𝜔௡ 1 − 𝜁ଶ   → damped natural frequency – the actual frequency of the oscillations 

rewrite using
Euler's formula

in
Controls

decay
in amplitude

controls oscillation

how to find C & S:

✗ (o) = e'Ecoso + ssino] = c ← initial position

VCH = -ZWnéEwnt [cus wat + Ssinwat] + éE" E- Cwd sunwalt + Swacoswat]

⇒ ✓ (o) = -{Walt Swd

→ solve for S using V.



Discussion: Underdamped systems

Plotting our solution: 𝑥 𝑡 = 𝑒ି఍ఠ೙௧[𝐶 cos 𝜔ௗ𝑡 + 𝑆 sin 𝜔ௗ𝑡]

The natural log of the ratio of amplitudes for successive peaks is called the Logarithmic Decrement:

𝛿 = ln
𝑥ଵ

𝑥ଶ
=

2𝜋𝜁

1 − 𝜁ଶ

Which can be approximated for small damping (𝜁 ≪ 1) as:

𝜁 ≈
𝛿

2𝜋
=

1

2𝜋
ln

𝑥ଵ

𝑥ଶ

decay

Oscillation

amplitude
envelope

practical way

damping from
data

to estimate

measured experimental

tells us how much the amplitude shrinks from
one cycle to the next



Standard Form for the EOM of a Single-Degree-of-Freedom System

We can now express our EOM in a form that gives us immediate information about the behavior of our system:

mass normalize



✗ + Ex-¥:O
Wn² = 100 2EWn = 10

Wn- 10rad/s

9-0.5

 + Emo-Emo-o

W² = 2/2500)S (10): 100 25Wh-2139%, = 10

→ all have the same Wn,} → will have the
same ✗ (t)

with same IC



Mi

mg
RX

4kt

Ci

EF - mi
- Rx -4kx-Cx + mgsino -mi

mi + cx + Skx = mgsino ← mass normalize

X + In + 5km = gain ⊖

2 E Wn = In Wnt = 5k
m

50% of crit. damping → 9=0.5

Wa = Em → Em = ☒
m

C-Mem note result is the same

regardless of angle of incline



Kx

C

assume horz - plane

mi

EF, = mi
- Kx-Cx = ME
MY + ex-Kx -O

 + Et En-°

Wh- En ⇒ Wn- Em

2 {Wn - En ⇒ g = Erm

Wd: Wn 1-{² = FI 1 - C2
4km

General Solution :

✗ (t) = e- {Wnt [Cooswat + Ssinwat]

✗ (o): Xo = (

VCO) - ✗ 107 = 0 ⇒ O = -{Wnc + Was

⇒ s. EWadC = {Unto
Wd

✗ (t) = EEW"" [Xocos wat -3Wh.Wd sin Wat]


