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Free vibration response

Last lecture we learned the general form of an EOM for a single-degree of freedom vibrating system is:
= MX+ Cx+ Kx = f(t) non'how?weous

Where:

* MXx — inertia (mass)

e (Cx — damping (dashpots)
« Kx — stiffness (springs)

* f(t) — external forcing

Today we will look at a special form where there is no externally applied forcing:
M¥+Cx+Kx=0 <« l/\oMuachS

This is called the free response of the system.

In the free response, the motion of the system is defined only by the initial conditions
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Static Deformation and the EOM for Vibration We can find the static equilibrium position, x;, of the
block by settingx =X =0
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The EOM for the shown equation in terms of x: W\é + C2 ~ Kk (2-' X, \: Vv\‘j
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MZ 4 C2 + k2« BBE = o
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This is a diff. eq. with a constant, inhomogeneous term mg.
We want to re-write this equation to be in free-response form.



Solution to the Homogeneous Form of the EOM

From your studies of linear diff. eq., remember that the solution to the EOM MXx + Cx + Kx = f(t) is
x(t) = x.(t) + x,(8)

() : x,(t):
e complimentary (homogeneous) solution p . Particular solution

» General form of the solution corresponding to f(t) = 0 . () %0
* Free vibration response

General solution to the homogeneous equation:
() =Aert —> A 2 Sove W/ TL

X = Arer | ¥ A}t
We can therefore rewrite our EOM as:
A2MAe?t + ACAe?t + KAe? =0

— (PM+AC+K)AeM =0
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Special Case: Free, undamped response

If our system contains no damping (C = 0), then our EOM becomes: AL
M# + Kx = 0 x(¥) - Ae” =

This makes our characteristic equation:

AM+K=0 :A=i/— = +i

Our general solution to the EOM is therefore:

K [K
x(t) = Aleﬂ\/;t + Aze_l\/;t

Re-writing using Eulers equation, e = cos 6 + isin# :

t)=C Kt+S' Kt
— X = Lcos M Sin M

Where C and S are constants that should be solved for using initial conditions:
x(0) = C = initial position

Sis
| =

K
x(0) = S\/% = v(0) = initial velocity
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Discussion: Free vibration of undamped systems

¢ — damping ratio. For systems with no damping, { =0
For undamped systems the natural frequency (rate at which the system oscillates) is

o i §

The system response will be harmonic (it will not decay over time)
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Example 6.B.1

Find: For this problem:
(a) Determine the EOM of this system in terms of the coordinate x; and

(b) Determine the natural frequency of the system.
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Example 6.B.5

Given: The pulley has a mass moment of inertia of /5.
Find:

(a) Determine the EOM of this system in terms of the coordinate f; and
(b) Determine the natural frequency of the system.
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