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Free vibration response

Last lecture we learned the general form of an EOM for a single-degree of freedom vibrating system is:
𝑀𝑥̈ + 𝐶𝑥̇ + 𝐾𝑥 = 𝑓(𝑡)

Where:

• 𝑀𝑥̈ → inertia (mass)

• 𝐶𝑥̇ → damping (dashpots)

• 𝐾𝑥 → stiffness (springs)

• 𝑓(𝑡) → external forcing

Today we will look at a special form where there is no externally applied forcing:
𝑀𝑥̈ + 𝐶𝑥̇ + 𝐾𝑥 = 0

This is called the free response of the system.

In the free response, the motion of the system is defined only by the initial conditions

→ non-homogeneous

← homogeneous
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Static Deformation and the EOM for Vibration We can find the static equilibrium position, 𝑥௦௧, of the 
block by setting 𝑥̇ = 𝑥̈ = 0

The EOM for the shown equation in terms of x:

This is a diff. eq. with a constant, inhomogeneous term 𝑚𝑔.
We want to re-write this equation to be in free-response form.

We can now introduce a new 
coordinate, 𝑧, noting that 𝑥௦௧ will be 
constant
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Solution to the Homogeneous Form of the EOM

From your studies of linear diff. eq., remember that the solution to the EOM 𝑴𝒙̈ + 𝑪𝒙̇ + 𝑲𝒙 = 𝒇 𝒕  is
𝒙 𝒕 = 𝒙𝒄 𝒕 + 𝒙𝒑 𝒕

𝒙𝒄 𝒕  :
• complimentary (homogeneous) solution
• General form of the solution corresponding to 𝑓 𝑡 = 0
• Free vibration response

General solution to the homogeneous equation:
𝑥 𝑡 = 𝐴𝑒ఒ௧

We can therefore rewrite our EOM as:
𝜆ଶ𝑀𝐴𝑒ఒ௧ + 𝜆𝐶𝐴𝑒ఒ௧ + 𝐾𝐴𝑒ఒ௧ = 0

𝜆ଶ𝑀 + 𝜆𝐶 + 𝐾 𝐴𝑒ఒ௧ = 0 

𝒙𝒑 𝒕 :
• Particular solution
• 𝑓 𝑡 ≠ 0

S A, ↗

X-Axe""

Solve w/ IC

✗ - Axe"

Characteristic
eqn.

→ solve for A

I ≠o trivial



Special Case: Free, undamped response

If our system contains no damping (𝐶 = 0), then our EOM becomes:
𝑀𝑥̈ + 𝐾𝑥 = 0

This makes our characteristic equation:

𝜆ଶ𝑀 + 𝐾 = 0        ⇒ 𝜆 =  ± −
𝐾

𝑀
= ±𝑖

𝐾

𝑀

Our general solution to the EOM is therefore:
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Re-writing using Eulers equation, 𝑒௜ఏ = cos 𝜃 + 𝑖𝑠𝑖𝑛𝜃 :

𝑥 𝑡 = 𝐶𝑐𝑜𝑠
𝐾

𝑀
𝑡 + 𝑆𝑠𝑖𝑛
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Where 𝐶 and 𝑆 are constants that should be solved for using initial conditions:
𝑥 0 = 𝐶 = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛

𝑥̇ 0 = 𝑆
𝐾

𝑀
= 𝑣 0 = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦
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Discussion: Free vibration of undamped systems

• 𝜁 → damping ratio. For systems with no damping, 𝜁 = 0
• For undamped systems the natural frequency (rate at which the system oscillates) is 

𝜔௡ =
𝐾

𝑀

• The system response will be harmonic (it will not decay over time)
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