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Housekeeping/Announcements

***Reminder for Henny to wear a mic during the lecture.
1. HW 35 (6.A and 6.B) due Today!!

2. Office hours are on ME2008. Located on second floor of renovated side of ME.



Chapter 6: Vibrations — Free Response

Z F = mac
» My =I4a

Goals for Chapter 6:
» We are used to solving acceleration/velocity/position for a given instant in time
(using Newton-Euler Equations, upper left).

Mx+ Cx+ Kx = f(t)

* In this chapter, we will study the response of systems whose motion is oscillatory in nature
(~vibrations).

« We will focus on understanding the change in position as a general function of time
(ie. Deriving the EOMSs of a system, upper right).



Equations of Motion (EOMs)

The equations of motion for the vibrational systems studied in this course are typically composed of the
following components:

Particles/rigid bodies
Dashpots (a.k.a. Damper) ‘ ol ‘ : !
S M| HCz|+|Kz|=|f (1)
External forcing

o=



Static Deformation and the EOM for Vibration

unstretched

1. Last lecture, we saw that the EOM for the i
system shown is given as: ks P
equilibrium
mx + ct + kxr = myg . p ]
2. Throughout this chapter, we will be evaluating and finding EOMs for l . Y

different systems. The above equation shown an inhomogeneous
equation with a constant inhomogeneous term of mg.

3. This static displacement can be found by setting = = & = 0 , which gives:
mg

k"r.st = mg ﬁ Lst — 7

4. Now instead of measuring the position form the unstretched position, we measure its position from the
static deformation state. We define this coordinateas z: , — , _

5. Introducing this into the original EOM above gives a homogenous equation (egn equal to 0):

mz+cz+kz=0
(0. 385-386] -



Solution of the Homogeneous Form of the EOM
M3+ Cz+ Kz = f(t)

1. The EOM shown above is, in general, inhomogeneous. From linear differential equations you can recall
that the solution of this EOM can be written as:

(t) = zc(t) 4 wp(2)

2. Where:
» X _c(t) is the complementary (or homogeneous) solution
* X _p(t) is the particular solution

3. Note: Lectures 36-39 will focus on the complementary solution, then we will look at the particular solution
(where f(t) is not equal to zero)

4. The general form of the complementary solution can be written as: r(t) = Ae

5. Where A and lamda are to be determined parameters. Substituting this general form of the complementary
solution into the homogeneous equation of motion gives:

el B Nel e Pl
(A°M + XC + K) AeM =0
[p. 387] s



The characteristic equation and undamped response
(MM + AC + K) Ae™ =0

6. In order for above to be true one of the following terms must be zero:
. e = 0 This is not possible for any value of (lambda)*(t)
. 14— 0 This would mean the system does not move.
* \2M + \C + K = 0: This is the only possible term that corresponds to the motion of the system

7. This-final, third condition above is known as the characteristic equation of the problem.
« Solving the characteristic equation gives us two roots:

- Z N %6
A1, Ag = Ci\/gu o = [—Cﬂ:\/@—l} \/M WhereC:C/Q\/m

8. For today, we will evaluate the specific case where the damping ratio is equal to O.
* Meaning our system is undamped.
* Notice the natural frequency, w_n is equal to sqrt(K/M)

Case 1: ( =0 (“undamped”)
Here, we have two IMAGINARY roots of the characteristic equation:

>\17 >\2 = Tl

where i = /—1 = imaginary number, and w,, = \/K/M
[p- 388] 7



Example 6.B.1
Given: The system shown below. Assume the inclined surface is smooth.
Find: For this problem:

(a) Determine the EOM of this system in terms of the coordinate z; and
(b) Determine the natural frequency of the system.

e
.

[pg. 399]



Example 6.B.1 P 395

Given: The system shown below. Assume the inclined surface is smooth.

Find: For this problem:

(a) Determine the EOM of this system in terms of the coordinate x; and EOM?
(b) Determine the natural frequency of the system. (). ?
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Example 6.B.2

Given: Blocks A and B (having masses of m and 3m, respectively) are connected by a cable-pulley
system as shown below. A spring of stiffness 3k is attached between A and ground. A second spring
of stiffness k is attached between block B and ground. Let x describe the position of A, where the
springs are unstretched when = 0, and let the horizontal surface be smooth.

Find:
(a) Determine the EOM of this system in terms of the coordinate z; and
(b) Determine the natural frequency of the system.

3k A

[pg. 396]



Example 6.B.2 P BQG

Given: Blocks A and B (having masses of m and 3m, respectively) are connected by a cable-pulley
system as shown below. A spring of stiffness 3k is attached between A and ground. A second spring
of stiffness k is attached between block B and ground. Let x describe the position of A, where the
springs are unstretched when z = 0, and let the horizontal surface be smooth.

Find:

(a) Determine the EOM of this system in terms of the coordinate z; and 50 m 72

(b) Determine the natural frequency of the system. L‘/n 7
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Example 6.B.3

Given: The block has a downward speed of vy as it passes through its equilibrium position.

Find: Determine the maximum acceleration of the block over one cycle of oscillation.

+

3k

[pg. 397]
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Example 6.B.3 qu:}

Given: The block has a downward speed of vy as it passes through its equilibrium position.

Find: Determine the maximum acceleration of the block over one cycle of oscillation.
7
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Example 6.B.4

Given: The system shown below consists of two masses, each of mass m, which are connected
by a massless bar with the bar able to rotate about a pin joint at its lower end. Each mass is
connected to ground by a spring of stiffness £, and moves along a smooth surface. The coordinate
x is measured from the position of the particle when the bar is vertical. The springs are unstretched
when z = 0. Assume small motions of the system; i.e., restrict the motion of the bar to small angles
of rotation.

Find:
(a) Determine the equation of motion of this system in terms of the coordinate z; and
(b) Determine the natural frequency of the system.

[pg. 398]
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Example 6.B.4

P,3q<€

Given: The system shown below consists of two masses, each of mass m, which are connected
by a massless bar with the bar able to rotate about a pin joint at its lower end. Each mass is
connected to ground by a spring of stiffness k, and moves along a smooth surface. The coordinate
z is measured from the position of the particle when the bar is vertical. The springs are unstretched
when = 0. Assume small motions of the system; i.e., restrict the motion of the bar to small angles

of rotation.

Find:

(a) Determine the equation of motion of this system in terms of the coordinate z; and Eomz
(b) Determine the natural frequency of the system. L, 7

)]

Ed2

Fa Fa K x
No (E?é_
N y F
v Fs 2 _| NA
W
/] O
Oy
@ Néd{nn- guler
A::)ZFX =-kx —Fa=mx Q)
B i»g/fy =Ky tFg=my &)

bar: (Sp = +Al-RYs = 7.5 (3)
W Io=7mallts(5* par
= BAML‘L

@/oglé l‘n r/-mchd f.,,m

R = F= ky+tmny

(3) = [hx-nil—(ky+mp)F =$m 20

@ qvn)(us /de/o varyg | NeaJ el/e'y'ﬂ"‘”d" In X

/:? g

@ (Kfﬂcmaffcs ) ﬂ;gu”.g 9 s SM“-()
=8

X = Li5ine
Z (0
~=0
y =5 3ine
7S
=30
k= L&
X
=2 6=+
y=%6
= y:—i ¥

..;-)é :(Elmd‘)% / p/07-r’v\

tnemats,s

on (3)

3 m +M+§'ijj<' +[/<+§]X: Q
Y

3/a

! G+E)ms + T hkxX=0 EoMs., smll O




Example 6.B.5
Given: The pulley has a mass moment of inertia of /.

Find:
(a) Determine the EOM of this system in terms of the coordinate 6; and
(b) Determine the natural frequency of the system.

[pg. 399]
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Example 6.B.5 Pn_)qq
Given: The pulley has a mass moment of inertia of Ip.
Find:

(a) Determine the EOM of this system in terms of the coordinate #; and £ O/ 7
(b) Determine the natural frequency of the system. ,, 2
N o
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Summary: Vibrations - Free Undamped Response

EOM: For free response of undamped system:

mx+kx=0
STANDARD FORM OF EOM: Divide EOM by “m” to get: Lec 36 Short
[pg. 388] o, 2 Feedback Form:
X¥+w x=0

k
where o, = \/% = natural frequency

SOLUTION OF EOM:

x(t) = (C'cos [+ S sin 1
HOW TO FIND THE RESPONSE COEFFICIENTS, C AND S?
Enforce the initial conditions on the solution:

x(O):xO =CcosO0+Ssin0 = C=x0
Xy

)

n

x(O) =X, = —Ca)nSinO+Sa)HCOSO = 5=



