
ME 274: Basic Mechanics II
Lecture 19:Particle Kinetics – Work-Energy Equation





𝑅 → resultant force acƟng on the parƟcle as it moves along the path

Remember in the path description 𝑎⃗ = 𝑣̇𝑒̂௧ +
௩మ

ఘ
𝑒̂௡

Breaking 𝑅 into components:

𝑅௧ =

𝑅௡ =

What is each component responsible for?

Newton’s law for the path description of motion

R=ΣÉ-ma

mi-mat

m:

Rf→ changing speed along path

Rn → turning



If we are interested in studying the change in speed of a particle, we need only deal 
with the tangential components of the forces acting of the particle

Work done by external forces = Change in kinetic energy

VCs)

projection
 path description

= &.#-vats

Unis; Reds

kinetic energy → T = ½mu²



What if our motion/forces are described with the cartesian description?

From our work-energy equation:

To convert to cartesian form, we need to relate 𝑒̂௧ to 𝚤̂, 𝚥̂, and 𝑠 to 𝑥, 𝑦

path coords
T - vet - * e

cartesian

= * it % j

EE = 1¥" + Its

ds et = dxi + dayy=f(x)



In general, the work done by a force 𝐹⃗ is dependent on the shape/distance of the path traveled.

Conservative forces are a class of forces where the work is path independent and instead only depend on the start and end 
positions.
Examples: spring force, weight

You do not need to integrate conservative forces – instead, take the difference of their potential energy functions between 
points 1 and 2! 

We can rewrite our work energy expression in terms of conservative and non-conservative components:

Conservative forces and Potential Energy

Spring potential energy

𝑉௦௣ =
𝑘

2
𝐿 − 𝐿଴

ଶ

• 𝐿 –current length of spring
• 𝐿଴ - unstretched spring length
• 𝑘 – spring constant

Note: 𝑉௦௣ is ALWAYS ≥ 0

Gravitational potential energy

𝑉௚௥ = 𝑚𝑔ℎ

• ℎ − height above/below datum

Note: The sign of 𝑉௚௥ matches the sign of ℎ, 
i.e. if the ending position is above the 

datum 𝑉௚௥ > 0, If the ending position is 
below the datum 𝑉௚௥ < 0

Ab
.

Work energy

potential energy ∀



Example – work and potential energy of a spring force

Spring force:

Work done by spring force:

Convert between path and polar descriptions:

Fsp = K(L -Lo)

polarform Tp.-K(L-Lolén

Uns:S,lFsp. E) ds

polar: J = per + réé⊖

path? ∀ = Ifet

Eds - deer + Laoda

him-1? E- all-Loser. (deer-Laoé,)] = -k);(L-colds

- ¥2 [(Li Lot-(4-Lo)]

- Ever.)

10

if

r =L

r-dat

Vsp -½KLΔL)"



Example – work and potential energy of a weight force

Weight force:

Work done by weight force:

Convert between path and cartesian descriptions:

Fw.-mgj

Nix = JIE-e) as

I

A/→ 2 =
I:(-mgt)-(druidyj)

- mg) IM
= - mg (na-ki)

- (V,-T)
:



speed after position change → work energy

1) FBD

mg

F→ Q

dy

2) kinetic -

T, + I, + U, → 2 = T2 + V2

T-O ← (RFR)

Y- O ← at datum

42 - SF-or = F (42) (½)
1

T2 = E. mV}

☑ = -mg (O.GL)

start end

solving:
0+0 +. GILF = ½mvz²-mg (0.6L)

solve V2



1) FBD
mg

tsp

2) T, + I. + UI, = I + ¥

- - O (RFR)

T- O at datum)

U,n→e, =); F. at = -fit. (d- Δ) 

= -f (d + A)

T2 = 0 at max deflection, velocity is
instantaneously 0

I = -mg (di A) sing + ½ k

0+0-fld-Δ) - O-mg (d- A) sine + ½KΔ²

Solve for Δ

datum

d- Δ

h

a
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Q: When do we know to use the work-energy equation in a kinematic analysis?
A:

Overview: Work-Energy Equation

Components of the work-energy equation: 𝑇ଵ +  𝑉ଵ + 𝑈ଵ→ଶ
௡௖

= 𝑇ଶ + 𝑉ଶ

𝑇 =
ଵ

ଶ
𝑚𝑣ଶ = particle kinetic energy

𝑉 = 𝑉௦௣ + 𝑉௚௥ = potential energy resulting from conservative (path independent) forces

• 𝑉௦௣ =
ଵ

ଶ
𝑘 𝐿 − 𝐿଴

ଶ

• 𝑉௚௥ = 𝑚𝑔ℎ

𝑈ଵ→ଶ
௡௖

= ∫ 𝑅௧ 𝑑𝑠
ଶ

ଵ
= work done by 𝑅 from 1  to 2

• Path description: 𝑈ଵ→ଶ = ∫ 𝑅 ȉ 𝑒̂௧ 𝑑𝑠
ଶ

ଵ

• Cartesian description: 𝑈ଵ→ଶ = ∫ 𝑅௫𝚤̂ + 𝑅௬𝚥̂ ȉ (𝑑𝑥 𝚤̂ + 𝑑𝑦 𝚥̂)
ଶ

ଵ

• Polar description: 𝑈ଵ→ଶ = ∫ 𝑅௥𝑒̂௥ + 𝑅ఏ𝑒̂ఏ ȉ (𝑑𝑟𝑒̂௥ + 𝑟 𝑑𝜃𝑒̂ఏ)
ଶ

ଵ

- relating speed to a change in position

- know energy is conserved

initialposition final position

> Vip 70
> ¥. > 0 or -0, depending on datum

R → resultant Force

work to get from
1 → 2

non-conservive → path dependent



1) FBD

initial position:

T, =½mVo² T- O

Non-conservative work:

final position:

T, = 0 2- ½ K AIa

Work-energy:

1mi-½ k A mat

datum
mg .

µ Fs

T, + V - UI = T2 + To

•

V12 = 0 ← mechanical energy conserved

→ K = MVo²

Smak



remember: U:→ 2=5:(Fields

F- fee, -feet--f- 0

~
friction opposes motion

i. opposite direction of 



Normal force always perpendicular → will never contribute

to work



𝑥ଵ
𝑥ଶ

F

Challenge question: The particle is being pulled along a smooth guide by a force 𝐹⃗ = 𝐹𝚤̂.

What is the magnitude of 𝑈ଵ→ଶ
௡௖ ?

UE = FF-et) as-Site. dei + dyj)

"Fdx = F (x2-x,)



Work – Energy Equation for Systems of Particles

There will only be a single work-energy equation, regardless of the number of particles in the system!

Each term will be the sum for all particles in the system:

- Total nonconservative work done on the system

f you have more than I
unknown, use kinematics



Work done by external forces

Calculating 𝑼𝟏→𝟐
𝒏𝒄

for systems of particles

𝑈ଵ→ଶ
௡௖

= න 𝐹⃗஺ + 𝐹⃗஻ + 𝐹⃗஼ ȉ 𝑒̂௧ 𝑑𝑠 
ଶ

ଵ

Work done by internal forces: conservative forces

Work done by internal forces: rigid connections Work done by internal forces: dissipative forces

Rule of thumb: make your system as large as possible to make workless forces internal. Make friction/dissipative forces external by your 
choice of system.

viscous
damper

friction

include in ∀ term

← rig: donnection
Fac

Fct

Facet.-*.-é.

integrals cancel → Net work-o

Energy leaves system
(mechanical energy not conserved)

→ must include in work integral

(if possible)

I not in integral

Fg

Fs



Ne

F → Una
Fs internal, conservative → in ✓

Mg, Mg, Na, NB, Na → perpendicular to path:.
fas internal, dis: pative → in U, →

taste → external disipative → in Un-z

⇒ Owork

system: blockS A, B, C

+ spring

Example: two blocks connected by a spring pulled along a rough surface by force F, block A sliding on top of B

tK

- m M

C

M

m

A

external → in

How do we include each force in
our Work- energy equation?

NA

B

mg
Mg

to
←Fa Fs Fg

←

Mg

±

f

TB .

B



end
ΔE

start
-

22

Meg

MB9

Mag

O

On

Cx

step 1) FBD

ty
r

S

date
SE-

1) Kinetics
T, + V, + 4152 = T2 - Va

position 1

T, = O (RFR)

V. = - 2 magt

UE: 0

work - Energy

- Zmagh = ½MEVE

3) kinetics

data

position 2

T2 = ½mEE² + ½ MBVB"+ ½may²

% =-mgΔE-MBTL

B

2 + ½ MB ⅓" + ½ Ma Va'-Meg AE -mpgh



Work - Energy
- 2. Magh = ½MEVE² + ½ My ☑ + {MAVA'-mgΔE - Migh

v0 LE 210

I eqn, 4 unknowns → use kinematics!

Solve for ΔE → the change in height of E is a result of the
cable unspooling as pully O rotates through ¼ turn

2L

2L

A

relate VA, VB, VE

VB = -L

→ pulleys 0 & C are connected at
top by inextensible cable >

have the same
Ve - r  velocity 4W

because of matching

substitute into Work-Energy equs radii

V A - 240

solve for , then solve for VE

SE-IL

B
☒

L ✓ I

✓ =

oV

use IEEE



1) FBD

3mg

mg
404

Q

Fsp

Iss
TO

2) Kinetics

- -V, + U, → 2 = Tattz

T.-O (RFR)

V. = 3mg Lsin⊖ - 2mg Ls in Q-+ 2 (KK/2L sin-0))

Vip
gr

Uti-0 (mechanical energy conserved, no external NC forces)

To = ½ MA'+ ½MVB² Final work-Energe

V2 = 2mg-3mg b
⇒ 3mg Lsin Q- 2mg Lsino + K(2 (sino} = ½ m 12 + {mV,"+ 2mg L - 3mg't

Legn, 2 unknown → kinematics

kinematics : Va = 220 V3- LO → VA - ZVB

☆ Substitute into work energy & solve!
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1) FBD
• Draw appropriate FBD (note- you may have to draw more than 1)
• Choose coordinate system (cartesian, path, polar)

2) Kinetics
• Sum forces and break into components
• Choose appropriate method to solve the problem – we will learn these in upcoming sections!

• Newton/Euler
• Work/Energy
• Linear impulse/Momentum
• Angular impulse/Momentum)

3) Kinematics
• Perform a kinematic analysis of the system using techniques we have developed in the previous 

chapters.
• Use your kinetics equations from step 2 to determine what information you need to solve the 

problem
4) Solve

• Count the number of equations and unknowns. Do they match?
• If not:

• Draw more FBDs
• Do additional kinematic analysis

EF-ma

→ V as it varies s & FCS)

→ V v t & Flt)



Remember our resultant force 𝑅:
𝑅 = ∑𝐹⃗ = 𝑚𝑎⃗ = 𝑚

𝑑𝑣

𝑑𝑡
Separate & integrate:

Linear impulse momentum - Analyzing changes in velocity resulting in forces over an elapsed time

V1 → right before impact

(you can solve using W-E)

V2 = 02 gg by

LIN Mm (Ap#)mfvfRvaD=fÉ
"age magnanomentum-outing impact
is the sammed Vff Sabotth cases on,
whafamesford.be thereat? > At

⑤ Rat =
t, I

"now - "Rat-move-v.)
£,

impulse momentum

h

294

→ e fil stopped

area under Fust curve
→ impulse

impulse, impulse pillow
Stground ⇐ At pillow

Fmax ground → Fmax,pillow



𝑚𝑣⃗ - linear momentum of the particle

∫ 𝑅𝑑𝑡
ଶ

ଵ
- impulse from the net force acting on the particle

• Linear impulse-momentum relates the change in linear momentum to the impulse acting on the particle.
• Note that impulse is a function of time, so this effectively gives the change in particle velocity with 

respect to the time a force is acting on that particle.

• Also note 𝑚𝑣⃗ଶ = 𝑚𝑣⃗ଵ + ∫ 𝑅𝑑𝑡 
ଶ

ଵ
is a vector equation (in contrast to work-energy) → we can resolve it into 

components!
i.e. in the cartesian description:

𝑚𝑣௫ଶ = 𝑚𝑣௫ଵ + න 𝑅௫𝑑𝑡 
ଶ

ଵ

𝑚𝑣௬ଶ = 𝑚𝑣௬ଵ + න 𝑅௬𝑑𝑡 
ଶ

ଵ

• If there is no resultant force, the linear momentum is said to be conserved: 𝑚𝑣௫ଶ = 𝑚𝑣௫ଵ 

• Conservation of momentum does not imply conservation of energy (or vice versa)

Important considerations for Linear Impulse-Momentum:

heat
energy can be lost to: deformation

sound

2 scalar eqn



Linear Impulse-Momentum Equations for a System of Particles

Solving for impulse and momentum 
for each particle:

Summing for entire system:

Key takeaway: make system as large as possible to include as many internal forces as you can!

A (

B (

c(



1) FBD
g

N

t f-Mpmg

kinetics → LIM
mV, - my + SEE at

= mV, + f? (Flt)-ukm9)ᵈᵗ

Mm
area under the curve

Uh

0 → 2 At

FAE + SLÉ# (t) dt =⅔FoAt

⑦ → At
FTF. It = F. At

½ Folt



a) mv.-mv,-F. at-unmg At → solve for V2

b) my = mv, Etoft-lumgat → solve for v2

5. At ring at = Umg St

Lst
0 Ur Mgdt-ZAtu.mg

integrate friction
force



- ⅓-Va

mg

NA NB NA

a) LIM for combined tug/barge system → internal forces cancel

MVA, + MVA, = M V12 + M⅓2

+ M (VB/a" Vas) → Vaz = Va, + Mysia

Mg mg

T

(m + M) Va, = mVA 2
(mem)



M (VA, + MUBA) = MVA, + Tat
(m + M)

- -TIMURA)(Mtm)

b) tension → just tug boat as system

MVAZ = MVA, + [Tdt
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LIM equation

𝑚𝑣⃗ - linear momentum of the particle

∫ 𝑅𝑑𝑡
ଶ

ଵ
- impulse from the net force acting on the particle

• Linear impulse-momentum relates the change in linear momentum to the impulse (force applied over 
time) acting on the particle.

• a vector equation → we can resolve it into components!
𝑚𝑣௫ଶ = 𝑚𝑣௫ଵ + න 𝑅௫𝑑𝑡 

ଶ

ଵ

𝑚𝑣௬ଶ = 𝑚𝑣௬ଵ + න 𝑅௬𝑑𝑡 
ଶ

ଵ

• If there is no resultant force, the linear momentum is said to be conserved: 𝑚𝑣௫ଶ = 𝑚𝑣௫ଵ 

• Conservation of momentum does not imply conservation of energy (or vice versa)
• For systems of multiple particles, internal forces cancel → make your system as large as feasibly possible!

Linear Impulse-Momentum Key Takeaways:



②  t ,  ( M p - m p - m c )  V  -  O

@ t .  m y  +  C p  +  m e )  V p n - o

( m  p t m  c )  U p . c i

M b

M p

M c
-  M b V b

V  p  +  c  o p p o s i t e  d i r e c t i o n

t o  V b



F B D

k i n e t i c s

→  n o  f o r c e s  →
l i n e a r  m o m e n t u m

c o n s e r v e d  i n  X t y

L I M  x - d i r :

-  W e V B ,  =  ( W i s  +  W A )  V a x  >  ¼ _  - W B  V B ,

W B  +  W A

B
A

g  g

L I M  g -  d i r :

W A  V A ,  =  ( W B "  W A )  V z y  ⇒  V z y  =  W A V A ,
9  W B  +  W Ag



②  ①

③

T

t w
( s h o r t  t i m e  f r a m e )

i m p a c t ,  L I M

F B D

1 - 2

c o r d  c a n n o t  c a r r y  a  t r a n s v e r s e
l o a d

¥  V B I  -  W Y  V 2  x

V 2  =  W B I
( w o w )



2 - 3  →  c h a n g e  i n  v e l o c i t y ,  c h a n g e  i n  P o s i t i o n  →  W - E
ñ  I t  T

T  2  I   2  +  U w  4 3  - T  3  +  ∀  3

2 -  ½  ( W t f )  v , '  =  2  ( W B , ) ²

V 2  = - ( N  +  w )  L

U 2 ,  =  0  →  t e n s i o n

W o w

O

a l w a y s  N o r m a l

T z  =  0

⇒  ( N e w )
→

3
↳  C O S O m a x

1  ( W V B , ) ²
<  g  ( w i n ) - ( W o w )  L

-  ( W - W ) L C O S ⊖ m a

→  s o l v e  f o r  ⊖  m a x

g l w . t w )



E n e r g y  L o s s  f r o m  1  →  2

e n e r g y  a t  e a c ht o t a l
t i m e  =  K i n e t i c  +  p o t e n t i a l

+  E )  -  ( T - T , )A E n e r g y  =  ( z

½  ( W B , ) ²
g l w . t w )

½  ¥  V B 1 ²



①

②  ③  ④

o u r
d a t u m

1  →  2  s l i d i n g  d o w n  g u i d e
W - E

V m g

0  ( R F R )  T 2  - E M V ?

 =  0

U n 2 - 0

>  0  =  ½ m y ? - m g h

Y  =

T ,  +  # +  4 1  →  2  =  ½ - %

d a t u m

l

=

E -  - m g h

L g h



2  →  3  i m p a c t  e v e n t  →  L I M

a s s u m e  s h o r t  d u r a t i o n
b e f o r e  i m p a c t  ( o n l y  p  m o v i n g )

n o  s p r i n g  c o m p r e s s i o n
>  a f t e r  i m p a c t

>  n o  r e s u l t a n t  f o r c e ,
l i n e a r  m o m e n t u m

c o n s e r v e d

M p v ,  +  S F . I t  - ( p  +  m a )  ⅓

V 3  =  M p  2

( M p t m a )

3 → 4  s p r i n g  c o m p r e s s i o n  →  W E

p o s i t i o n  3

¼  ½  ( M p t m a ) v ?

=

=

=  M p  Z g h

( M p  +  M A )

m g

F

m p t g h

M p  +  M A

V - O]

v i a : O

s o s i t i o n  4

=  O

V 4  =  ½ K  ( A L ) '

W o r k  -  E n e r g y

M i g h  =  2 k Δ L
M p + M a

Δ L  =
Z m i g h

K ( M p + M a )


