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Kinetics for the rectilinear Motion of Particles - Net force dependent on position

For a particle of mass m traveling along a straight path and experiencing a force F= Fé,

m

Ex: spring forces

Unstretched
Spring

Hooke's Law

F;prmg = kX

Spring constant k

Ex: magnetic forces

oF.n

If force is a function of position: F = F(s)
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Newton’s law for the path description of motion

R - resultant force acting on the particle as it moves along the path
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Remember in the path description a =1éj + ?én

— e
Breaking R into components:

=
Ro=ym L
P

What is each component responsible for?
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If we are interested in studying the change in speed of a particle, we need only deal
with the tangential components of the forces acting of the particle V()

E F =ma
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What if our motion/forces are described with the cartesian description?

From our work-energy equation:

U= [ (-2 a

y
To convert to cartesian form, we need to relate é; to i,j,and sto x, y
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Conservative forces and Potential Energy

In general, the work done by a force F is dependent on the shape/distance of the path traveled.

Conservative forces are a class of forces where the work is path independent and instead only depend on the start and end
positions.

Examples: spring force, weight

You do not need to integrate conservative forces — instead, take the difference of their potential energy functions between
points 1 and 2!

We can rewrite our work energy expression in terms of conservative and non-conservative components:
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Spring potential energy Gravitational potential energy
k N° 5 Vyr = mgh
Vsp = E(L _LO)"' '
>
— * h — height above/below datum
* L -current length of spring
* Lo - unstretched spring length Note: The sign of V;,- matches the sign of h,
* k - spring constant i.e. if the ending position is above the
_ datum Vg, > 0, If the ending position is
Note: Vsp is ALWAYS = 0 below the datum V,,, < 0
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Example - work and potential energy of a spring force
Spring force: F‘P (L - L)
porerburm = ~k(LL)E

Work done by spring forge:
- A
(L,_,L-* \SICEP ’ et) ds

Convert between path and polar descriptions:
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Example - work and potential energy of a weight force

_ —
Weight force: 7~

F, = fm7f

Z
Work done by weight force: _ - .
A j (F w egds
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Convert between path and cartesian descriptions:
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Example 4.B.1

Given: The 6 kg particle P and the attached light rod (of length L = 2 m) rotate in a vertical
plane about a fixed axis passing through O. The assembly is released from rest at # = 0 and moves
under the action d¢f the F' = 100 N force (which is maintained normal to the rod).

Find: Determine the speed of the particle P when ¢ = 90°.
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Example 4.B.2

Given: A block of mass m is released from rest on a rough, inclined surface (with a coefficient of
kinetic friction y;) and slides toward an uncompressed spring of stiffness &.

Find: Determine the FRSMAGHSEHON! the spring B
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Overview: Work-Energy Equation

Q: When do we know to use the work-energy equation in a kinematic analysis?

A:—re,/o.’rilf\j Speed +o a Chomnge  In /aonfloq

-

- Yhow U\UZU W eonserved

Components of the work-energy equation: T; + V; + Ul(’ffz) =T, +V,
\./-V\/ \W

. . . In itrecl .
mv? = particle kinetic energy Posiflon fin=~I position

T

2
V =V, + V- = potential energy resulting from conservative (path independent) forces

.« Vi =%k(L—L0)2 — Vip >Q

* Vgr=mgh > '\{v >0 or <O ependivg 04 detrywe
Ul(’ffz) = flz(Rt)ds = work done by R from 1 to 2 B = resvitoean+ Force

+ Path description: Uy, = [ (R - &,)ds

« Cartesian description: U;_,, = flz(in +Ryj) - (dxi+dy))

* Polar description: U;_,, = flz(Rrér + Rgép) - (dré, + r dhéy)
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Example 4.B.4

Given: Block C having a weight mg is traveling with a speed of vy when it strikes a fixed wall. A
spring of stiffness £ is attached to the front of the block. The spring eventually contacts the wall,

resulting in a maximum spring compression of A,,,,..

Find: Determine the stiffness / of the spring.

Use the following parameters in your analysis: mg = 3200 b, v = 10 ft/sec and Amae = 6 in.
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CHALLENGE QUESTION: A particle slides on a rough, arbitrarily-shaped guide. What can
we say about the sign of the work done by the friction force acting on the particle as it moves
from position 1 to position 27 Similarly, what is the work done by the normal force acting on the

particle?

rough guide
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CHALLENGE QUESTION: A particle slides on a rough, arbitrarily-shaped guide. What can
we say about the sign of the work done by the friction force acting on the particle as it moves
from position 1 to position 2? Similarly, what is the work done by the normal force acting on the

particle?
rough guide

/

position 1

position 2

Only the tangential component of the resultant force R contributes to the work done by F:

Ve = jj (ﬁ . @t) ds

If a force is perpendicular to the path of the particle on which it acts, then the force does NO
work on the particle.
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Challenge question: The particle is being pulled along a smooth guide by a force F = Fi.
What is the magnitude of US)?




Work - Energy Equation for S ystems of Particles
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all forces acting on system "external" forces acting on system

There will only be a single work-energy equation, regardless of the number of particles in the system!
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Calculating U
Work done by external forces
/' Fa
Ag
R
G B

"external" forces acting on system
2
nc =4 =4 = A
U9 = f ((Fa+ Py + Fc)- &) ds
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Work done by internal forces: rigid connections
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Work done by internal forces: conservative forces
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Rule of thumb: make your system as large as possible to make workless forces internal. Make friction/dissipative forces external by your

choice of system.



Example: two blocks connected by a spring pulled along a rough surface by force F, block A sliding on top of B
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Example 4.B.6

Given: The system shown below is made up of particles A, B and E (having masses of 5 kg, 20
kg and 80 kg, respectively). Lightweight bars OB and OA are welded together such that there is a
right angle between the two bars, and these bars are welded to the pulley at O. Consider the mass
of the pulleys to be negligible. The system is released from rest when # = 0.

Find: Determine the speed of particle E when 6 = 90°.
L) Kine#lcs
T,V
T,+Vi- Wy 7 1e 2

,r-)as.'hw\ 1 /‘,,asfr"i”"f Z

. )
T 20 (PFR T, = 4wt + 5meVs = Sy
Vl’ - ZMAjL ’\/; = _mﬁAE ’MBjL

Uy ©
Work — Brey

| UL mgVy L MVt - m g AB

'/ZMEI/F/ 2 8B Z

3) kmetrcs




b\)d(‘k - (3}42//2}'7 2 / 2 AE MBjL
2 ) ) )
’ZM*jL ) ,/Z'Mg\/é ’ %Mﬁvg HmaVyg -

b Lo L9 |

/ e@"’; G4 L bnowns —=  al Jer nornedT(cS

|+ e
_ > Hu e L k;/ﬂ/& 06 E s o resv
\/ Q)r C cebl m;i?/;llj oA 7»“‘//5' D vorates +he °"5"‘ G rum

— ™
b =
(3-’*6. Vb A_ —/2
v o= fé

N s SN CE
A VVL
Leys O F C e conneaed  or
Y e lote \/4)\/33\/5 —> ]L;J b, bl coble §
. . nrn & Y S
VK7.L_@ \/A':Z,L(Q \] - O V@_I@o*‘TqQ\)

P © &W ()ﬁ e TUA

/ gwb.%k\f-\}{.g/ Nnto WarlL'E'\?-?] é’ﬁ"‘) f&«ﬁ{’(
“"w/\// [ Seve foo 9 frua Solve for Ve

TC vl



Example 4.B.7
Given: Particles A and B, having masses of m and 2m, respectively, are connected by rigid bar

AB, with AB having negligible mass. Bar AB is pinned to ground with a pin joint at O. This ?B b

system is released from rest at position 1 with # = #;, with A in contact with a pair of identical
springs, as shown in the figure. Each spring has a stiffness of %k, and the springs are unstretched
when # = 0. Assume the dimensions of the particles to be negligible.

Find: Determine the speeds of particles A and B at position 2, where in position 2 particle A is .
directly above O. -

2) it s
TN W, T

| l =2

1.=D L&?R} S 1
— - \ _ 2_. L—&'\V\é‘ + Z(’%_L[ZLS‘V\Q)) ] _. — )

_\1\ M/\Mj’—/ T \]’0~~ £ 3 [ r;r lAS

Vﬁ” o
N £ ed no cdermed N faeas ) )
W <0 (wachemied emurgey conservld a0 rces

DL

—_— _ l 75
)L’ - /’L M\/}\z 43/LW\\IB

. Fine wor b -~ é«w],,
VZ:ZM‘C}&%@ . G 2,3 p L - 3wl
— BM3LS(W6— Zm\«)LS\vxﬂa L2y = G ) s 2wl 2mg -
iejn | |
kineomercs -\, - 7206 N, > O = V- Z\/g



ME 274: Basic Mechanics I/

Lecture 21: Particle Kinetics — Linear Impulse-Momentum

School of Mechanical Engineering

E PURDUE

UNIVERSITY.




Kinetics: Four-Step Problem Solving Method

1) FBD
* Draw appropriate FBD (note- you may have to draw more than 1)
* Choose coordinate system (cartesian, path, polar)
2) Kinetics 5. F = Mo
* Sum forces and break into components
* Choose appropriate method to solve the problem - we will learn these in upcoming sections!
 Newton/Euler
« Work/Energy —~ Vs o vowrves s = TG
* Linear impulse/Momentum _——»= Vy /- é ¥ FCT)
* Angular impulse/Momentum)
3) Kinematics
* Perform a kinematic analysis of the system using techniques we have developed in the previous
chapters.
* Use your kinetics equations from step 2 to determine what information you need to solve the
problem
4) Solve
* Count the number of equations and unknowns. Do they match?
* If not:
e Draw more FBDs
* Do additional kinematic analysis



Linear impulse momentum - Analyzing changes in velocity resulting in forces over an elapsed time

Remember our resultant force ﬁ: k
_> S R dv A
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Important considerations for Linear Impulse-Momentum: — ma, = m#; + / Rt

mv - linear momentum of the particle

2 = . . .
fl Rdt - impulse from the net force acting on the particle

* Linear impulse-momentum relates the change in linear momentum to the impulse acting on the particle.

* Note that impulse is a function of time, so this effectively gives the change in particle velocity with
respect to the time a force is acting on that particle.

- - 2 = . . . ey e
e Also note mv, = mv, + fl Rdt is a vector equation (in contrast to work-energy) = we can resolve it into

components!

i.e. in the cartesian description: ,

MVUyp = MVyq +f R,dt
2
MVyy = MUy +f R, dt
1
If there is no resultant force, the linear momentum is said to be conserved: mv,, = mv,4

] ccaleA ZZ)V‘

* Conservation of momentum does not imply conservation of energy (or vice versa)



Linear Impulse-Momentum Equations for a System of Particles

FE,
o

all forces acting on system

Summing for entire system:

MATA2 +mMpBTURy + MeTeo = MAvTal + MBURL + Mmoot +

—_— e —

"external" forces acting on system

9
/1 [1?1-1—@,—#;0] dt =

Solving for impulse and momentum
for each particle:
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L — J

Key takeaway: make system as large as possible to include as many internal forces as you can!




Example 4.C.1

Find: Determine:
(a) The speed of the block at t = At; and

(b) The speed of the block at t = 2At.

Use the following parameters in your analysis: m = 8 kg, Fop = 20 N, v1 = 15 m/s, pp = 0.15 and

AE=02=s.
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Example 4.C.3

Given: A tug having a mass of m is towing a coal barge (mass M) with a speed of v4;. During
a short period of time _é(t when the engines of the tug are turned off, the stern winch takes in the

towing cable at a rate of vp/4. = V, -~ Va
Ignore the water resistance on the tug and barge during this time period. Also, assume that the

towing cable remains taut at all times.
Find: Determine:
(a) The speed of the tug during this period of time; and
(b) The average value of the tension in the towing cable during this time.

| IS

A
e g e T e’

0'”> LT for Combes Jf\fj)/bowﬁe SStev T NtTerned éofcef Ceasnc e

_ . My
W\\/Al ‘VW\\/A‘\ N Yy\\/Az 52 w
= \/M N \/5/4

MO %) T e T

\

(WHM)\/M A



un_
K%S
oo
Y)Oa,
St J\‘Uf] +
V. i J
‘(\S'\O‘l\%\\ * O T
b) 4e )
My,

~ JaC

— M\{A\

M\/E/A }
+ 'y

\M(V’“ [

A
(M
T S ke o




ME 274: Basic Mechanics I/

Lecture 21: Particle Kinetics — Linear Impulse-Momentum

School of Mechanical Engineering

E PURDUE

UNIVERSITY.




Linear Impulse-Momentum Key Takeaways:

LIM equation . ~ 2
1 muve = muvy + / R dt
J1

mv - linear momentum of the particle

2 = . . .
fl Rdt - impulse from the net force acting on the particle

Linear impulse-momentum relates the change in linear momentum to the impulse (force applied over

time) acting on the particle.
e avector equation - we can resolve it into components!
2
MVUyy = MVUyq +j R, dt
1
2
Mvyy = MUy +f R, dt
1
If there is no resultant force, the linear momentum is said to be conserved: mv,, = mv,4

* Conservation of momentum does not imply conservation of energy (or vice versa)

For systems of multiple particles, internal forces cancel - make your system as large as feasibly possible!



Question C4.9

You are on a cart that is initially at rest on a smooth track. You throw a ball at a partition that
is rigidly mounted on the cart. If the ball bounces off the partition as shown in the figure, then at
the instant shown in the figure:

(a) The cart is moving to the right
(b) The cart is stationary
(¢c) The cart is moving to the left

(d) More information is needed about the impact of the ball with the partition in order to answer

this question _
@t (- vip m IV = O
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Example 4.C.7

Given: Cars A and B (having weights of W4 and W, respectively) strike each other with speeds

of v41 and vpy. After a short collision time, the cars stick together.

Find: Determine the x and y components of velocity for the cars after the collision.

Use the following parameters in your analysis: W, = 3000 Ib, Wg = 4000 1b, v4; = 40 mph and

vp1 = 25 mph.
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Example 4.C.8

Given: Block A (having a weight of W) is suspended by a cord from fixed point O. Bullet B
(having a weight of w) strikes the stationary block A with a speed of vg;. On impact, the bullet
sticks to block A.

Find: Determine:
(a) The maximum elevation angle ¢ of the cord after impact; and

(b) The energy lost during the impact of B with A.

Use the following parameters in your analysis: w = 0.2 1b, W =75 1b, L =5 ft and vp1 = 1800
ft/s.
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Example 4.C.6

Given: Particle P (weighing 10 1b) is released from rest and slides down a smooth, curved rod and
sticks to block A (weighing 5 1b).

Find: Determine the maximum deflection of the spring attached to A, if the spring has a stiffness

of k = 100 1b/ft.
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