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Previously: Rigid body kinematics Today: Moving reference frame kinematics

 Points A and B are on the same Points A and B are NOT on the
body same body
e 1 = |17B/A|=CONSTANT andr =0 r = |FB/A| # CONSTANT andr = 0

Velocity and acceleration of point B with

respect to point A: How do we relate the motion of
S the two bodies?

~ Ap=GaA+@ X [ X Tgja]l + @ X Tp/a



Moving Reference Frames
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e Stationary axis — XYZ axis — I, ], K unit vectors

g

* Moving reference frame (translating and rotating) — Xyz axis — 1, J, k unit

vectors

 The observer at point A describes the position of point B as:

TB/A = ZTR/AL + YB/AJ

* NOTE: the vectors I, ] rotate with the observer - their orientations change with

time!



Animation: Views from different reference frames
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Question: Which observer do you think would be most useful in
calculating the velocity and acceleration of point P?



Angular Velocity of the Rotating Reference Frame

0 is angle between the x and X axis and the J
yand Y axis. 3
 The angular speed of the observer is given by

the time rate of change of the angle 6
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Velocity Equation - 2D

The position of point B written with respect to point A:

> T=7Fa+7p 7 £ xed vef Fromt g
The vector 75 /a4 Written in terms of the observer’s xy coordinates:
=TB/A=21+Y]

Differentiating with respect to time (remember i, j vary with time): TA

.\..,‘)
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where @ is the angular velocity of the observer at A and (7p /_1)1_6 is the “velocity of B as seen by
the observer at A”.



Acceleration Equation - 2D

Starting with our equation for the velocity of point B:

—

U = Ta+ (Upja), ., + @ X TB/a

And differentiating with respect to time: P(@ 0{0 + rvic.
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What do each of these terms represent?

j z 4
‘ \l$ A 0},
— — 1~ SE JE
0B = Ua + (Up/a) ., + @ X TB/a — [ - J PrEswan
= = P 4
= U +Up/4 8 =
ap=dads + ((_[B/A)rel +a x FB/A + 20 X (.FB/A)rel + @ X [LU % ‘FB/A} Lo YA ii{ t
= A
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e 4 and Up are the velocities of points B and A as seen by a fixed observer.

e a, and dp are the accelerations of points B and A as seen by a fixed observer.

@ is angular velocity of the moving observer.

e & is the angular acceleration of the moving observer.

. (1 B/ A) is the “velocity of point B as seen by the moving observer at A”. In order to write
down tth term. you must clearly understand how the moving observer views the motion of B.
’J

e (dpja) .y 18 the “acceleration of point B as seen by the moving observer at A”. In order to write
down this term. you must clearly understand how the moving observer views the motion of B.

e The term 23 x (7p /A)-rd is known as the “Coriolis” component of acceleration. The term
arises due to an observed velocity of B by the moving observer, when the observer has a non-
zero angular velocity. We will introduce a number of physical examples that demonstrate the
significance of this term during lecture.
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CHALLENGE QUESTIONS: What are the differences between #ig/4 and (7p/4) 7 And be-
tween @pg/4 and (d@g4) 7 Are they ever the same?

re

Starting with the equations we derived earlier:
t-?'B — {;A . 2 (EB/A)reI + @ X FB/A

ap = aa + (EB/A)rel +a X TB/A + 20 X ({;B/A)rel + @ x [(,3 X FB/A]
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Discussion — The *How To” with Moving Reference Frame Kinematics Equations

1.

(uh) |

Choose your moving reference frame (observer). It is recommended that you draw a stick
figure of your observer on this frame to remind yourself of your choice of reference frame.
Note that point A must be on this reference frame.

Draw your choice of xyz axes for the moving reference frame. State in words to what the zyz
axes are attached. Also show your choice of stationary XY Z axes for the problem.

Determine the angular velocity & of the moving reference frame. [Note: this represents the
ANGULAR MOTION OF THE OBSERVER, and not what the observer sees.]

Determine the angular acceleration & of the moving reference frame.

Imagine yourself as the observer on the moving reference frame. Answer the question: How
do I see point B move if I am that observer? Based on this answer, write down (7 /A)rel and

(@p/a) .- [Note: this is the MOTION THAT THE OBSERVER SEES, not the motion of
the observer ]

A
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Example 3.A.1

Given: The disk shown below rolls without slipping on a horizontal surface. At the instant shown,

the center O is moving to the right with a speed of vgp = 5 m/s with this speed decreasing at arate (x , <
of 2 m/s%. Also for this instant, the particle P is at a position of zp = 0.2 mwithz, =2m/s = S‘)P =
constant, where z,, is measured relative to the zyz coordinate system that is attached to the disk.

)

Use the following parameters in your analysis: 2 = 0.2 m and » = 0.6 m.
Find: Determine:

(a) The velocity of particle P; and

(b) The acceleration of particle P.
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Example 3.A.3
Given: The fire truck moves forward at a constant speed of 50 ft/s. The ladder is being raised at
a constant rate of § = 0.3 rad/s. In addition, the ladder is being extended at a constant rate of b

—-’

= 2 ft/s. \

Find: The acecleration of end P of the ladder when b = 25 ft and # = 30°.
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Announcements
Exam 1 info:
e Exam 1, Thurs. 2/12, 8 —9:30, MA 175

e Students with exam accommodations: HIKS G980D,
6:30PM — reminder to email Dr. Krousgrill

e Exam review session Tuesday 2/10, 7pm over Zoom (link
on course website on “Exams” page)

Homework and class updates:

* No class Friday, 2/13 to account for evening exam

 HW released today (2.C, 2.D) due Friday 2/13

 HW released on Wednesday (2.E, 2.F) due Monday 2/16
 Reminder to use correct HW formatting!

e Office hrs: T9-10:30, W 3:30-4:20, Th 3-4:30



Moving Reference Frames - Overview

e Stationary axis — XY Z axis — point B as seen by
an outside observer

* Moving reference frame — xyz axis —point B as
seen from an observer at point A

 The angular speed of the observer is given by the
time rate of change of the angle 8 between the
fixed and moving reference frame —d = 0k O

WéLf 0 | I

Relating velocity and acceleration of pts. B and A :

observer

— -

U = Ua + (UB/a),, + & X 7B/a

rel 3

ap = aa + ((-1'13._,.".;)“_;1 +a X TR/A m W X [\: X FB.,:'_.J

Where (6B/A)rel’(aB/A)rel are the velocity and acceleration of

A
~ A

oint B as observed from A. - < (-
i <\/ & /A > (el SN

Remember pt A must be on the same reference frame as the

—_ N/ A
observer! (OKE/AB(C\’ \ ’X\&j

>



The Coriolis Component of Acceleration

 The Coriolis component arises when a point has a nonzero velocity relative to a
rotating reference frame.

* Although the point may be moving in a straight line with constant velocity in an inertial
frame, the rotating observer sees the direction of that relative velocity continuously
change as the reference axes rotate.

Ex 1: Merry-go-round Ex 2: Weather Systems

Motion of P seen by
stationary observer

Motion of P seen by
moving observer




Question C3.3

Sprinkler arm OA is pinned to a cart at point O. The cart moves to the right with a speed of vy
with ey = 2 ft/s? = constant. Fluid flows through the sprinkler arm at a rate of d with d = -3
ft/s2 = constant. The sprinkler arm is being raised at a constant rate of # = 4 rad/s. An observer
and xy2 coordinate system are attached to the sprinkler arm, as shown in the figure below. The
following equation is to be used to find the acceleration of a pellet P that flows with the fluid in
the arm:

ap = &O + (&P/O)r‘el + a x 'Fp/o + 200 X (‘El',-lo)rcl + & x [L:‘ X FI’/O]

Provide numerical values for the following terms when: d = 3 ft, v = 3 ft/s, d = 5 ft/s and
0 = 90°.

o = 2_ I - 'Lj
A

A

>
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Question C3.2

A disk is pinned to ground at its center O with the disk rotating clockwise at a constant rate of
(2 = 3 rad/s. Block P is traveling to the left along a straight path toward O with a constant speed
of vp = 20 ft/s. Determine the acceleration of P as seen by an observer on the disk when P is at a

P

P
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Q

A

dp = dp + (a,,/o) +a X rp/O + 2@ x (lp/o) +@ X [@ x r[)/o]
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A
® - O - O ‘\2\0—)& * (\!P/ox(e" - dﬁ
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Example 3.A.5

Given: The mechanism shown below is made up of links OA and BC. Links OA and BC are pinned
to ground at points O and C, respectively. Pin A of link OA is able to slide within a slot that is cut
in link BC, as shown. Pins O and C are on the same horizontal line. Let the zy2 axes be attached
to link BC. At the instant shown:

e Link BC is vertical with L = 400 mm; and

'\
e Link BC is rotating counterclockwise at a rate of w = 6 rad/s. ,] : | *

Find: Determine:
(a) The angular velocity of link OA at the instant shown; and

(b) The value for L at the instant shown. 500 mm

1) e QA T s
o (R

VA: u*wxn/b T ¢

A . ~
OIS (d1 +LT) SR
A
= woh—d% - woAL—i

2) M caaxwe o C

<l
>

[\

\&[,
-

L
ny
>
Y
e

¢
L
I x
i/
6
)







Example 3.A.7

Given: The disk rolls without slipping to the right with a constant angular speed of wy. At the
instant shown, pin P is directly above the center A of the disk.

Find: Determine:
(a) The angular acceleration of the disk; and
(b) The acceleration of P as seen by an observer on arm BD.

Use the following parameters in your analysis: wy = 20 rad/s (clockwise), 4 = 0.48 m, r = 0.14
mand R = 0.2 m.
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Announcements
Exam 1 info:
* Exam 1, Thurs. 2/12, 8 —9:30, MA 175
* Arrive 15 minutes early so we can start on time

 You will have time after the exam to scan and submit.

Homework and class updates:

* No class Friday, 2/13 to account for evening exam

 HW released Monday (2.C, 2.D) due Friday 2/13

 HW released on Wednesday (2.E, 2.F) due Monday 2/16
 Reminder to use correct HW formatting!

e Office hrs change: Th 12-1:30



How do our expressions for velocity and acceleration change when our system is
moving in 3 dimensions?
2D Rotating Reference Frames

J n Fi<ed X Y Z
\-)L,).w rver

wovn/lj ><\.‘7_

O
_\&/\ 0 I
* Angular velocity measured around a single axis (usually I:c)
-~ e
w = 0k

* Unit vectors I, j change W|th time

« Velocity: VB = _i+ (FB/A),.E_I + W X FB/A K\/ﬁ/4> (Q| x t} U\T

* Acceleration: dp = da_+ (@pja), , + @ X Tp/a + 25 x (Up)a), , +& X [& X 7ya]

(“B/A\(e\ = *t*‘jS




3D Rotating Reference Frames

3

K A
' it U

Angular velocity around a moving axis —> V\Ot O.UUVW&{ o
Multiple components each representing a different axis of rotation, w;, @,, W3, ...

The total angular velocity of the observer is found by vector addition of all the
components:

N
J &

A w=0w;+ 0+ w;+ -
Unit vectors 1, J, k change with time
di ) dj ) dk R
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Velocity Equation — 3D

In the fixed reference frame, the position of In the moving reference frame, FB/A can be
pt. B is related to the position of pt. A using described using xyz coordinates:
the relative position vector: o4 = X0+ yj + zk

g =1y +rB/A

observer

; observer

" To find ¥, differentiate 75 with respect to time:

A4
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dig  drqa drpja |
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Acceleration Equation — 3D

Acceleration of point B is found by taking the time derivative of the velocity equation

UB = VA + (UB/A)rel —i—w X ‘I'B/A

dip _ dvg  d d
dt — dt L dt (l B/q)rel L T (W X ’B/A) —
= = d dw (I'FB/A
ap = G/ +T(B/4)rel+WX’B/A+WX =
d 13

=agp T (11 + U] T 2 A) + ’r Xrp/qatwX I:(I'B/A)-rel + w X I'B/A]
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—

- T PN s - " " - ) dco - 25 =
=ap + (”B/A)rel +x (w p 4 I) +vy (c,u X _j) + z (w’ X /\) (1 4 ’B/A + w X [(I‘B/A)rel 4+ w X "B/A]

(lw

N =ay + (HB/A)rel +w X (IB/A)rel & Py X IB/A + @ X [(FB/A).,.GZ + @ X FB/A]
QB:74+(53/ )rel+(1XIB/4+2wX(lB/4) —I—Md e~ S UM A ?—b

~
2N = - i £330
(ds/a),,, = ¥1+Jj + Zk - the acceleration of B as seen by the moving observer

a= d— — angular acceleration of the observer —> (',\f\a,n@e now
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Considerations for determining angular acceleration of the rotating
reference frame:

L de
By definition, a = 7

In 2D problems, the moving reference frame rotates about a Mi_s_{_generally K).

The time derivative of the unit vector therefore is:
AT _ =
~ -~ O
If the angular velocity of the moving reference frame is given by @ = QK angular acceleration is

found as: N d—\ : A J'\ O e AN
d\=‘——‘9=_(1-\!-*.(\dk > 2 OLY
oMiwgd Lo 2N

In 3D problems, the moving reference frame rotates about both fixed and moving axes for
example: I, |

T S . AW
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3D Rigid Body Kinematics Equations

» 4

Remember on rigid bodies |75 /4|=const. —

QlB/A\n\ ) (Ox R /A)%\ =0

We can reduce our moving reference frame expressions for velocity and acceleration:
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Example 3.B.3

Given: A disk rotates with a constant rate of w3 = 20 rad/s with respect to the arm OC as the
arm OC rotates about a fixed vertical axis with a censtant rate of w wy = 5 rad/s. The observer and
the xyz axes are attached to the dlsk Whlle the XY Z axes are fixed. At this instant, the XY Z
and xyz axes are aligned. > L' T 3 = 3 t- L

Find: Determine:

(a) The angular velocity of the observer at the instant shown; and
(b) The angular acceleration of the observer at the instant shown.
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Example 3.B.4

Given: The turret on a tank is rotating about a fixed vertical axis at a constant rate of {2 = 0.4
rad/s. The barrel is being raised at a constant rate of § = 0.4 rad/s . A cannon shell is fired with
a constant muzzle speed of v,.; = 200 ft/s relative to the barrel. The observer and the zy> axes
are attached to the barrel, while the XY Z axes are fixed. Here, » = 3 ft and L = 15 ft.

Find:

- J [
(a) The angular velocity of the barrel at the instant shown; L —_ Y

(b) The angular acceleration of the barrel at the instant shown; and Gt r /
(¢) The acceleration of the shell as it leaves the barrel at P. —_}& RS
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Example 3.B.4

Given: The turret on a tank is rotating about a fixed vertical axis at a constant rate of {2 = 0.4
rad/s. The barrel is being raised at a constant rate of # = 0.4 rad/s . A cannon shell is fired with

a constant muzzle speed of v,.; = 200 ft/s relative to the barrel. The observer and the zy> axes
are attached to the barrel, while the XY Z axes are fixed. Here, » = 3 ft and L = 15 ft.

Find: > 3’ q\
(a) The angular velocity of the barrel at the instant shown; el — Y
(b) The angular acceleration of the barrel at the instant shown; and St r / /"l:

(¢) The acceleration of the shell as it leaves the barrel at P. —_‘& RS
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Announcements
e HW 2.E, 2.F due tonight
 Reminder to use correct HW formatting!

e Office hours ME 2008A: T 9:30-11, W 3:30-4:20, Th 12-
1:30



3D Rotating Reference Frames

2D rotation about fixed axis (k) — 3D rotating around a
moving axis = .o+ 4 ) M w/ i )

Multiple components each representing a different axis
of rotation, @y, @y, @3, ... —> Carnin clvale Fived o

L

M ov V¥ I .
The total angular velocity of the observer is found@ @D, -
vector addition of all the components: ¢ g nawe 3° i

5=51+ 62"‘53"‘ VLL\’O(S

Rotation can be about either a fixed or moving axis.

Unit vectors i, j, k change with time:

a__ . d_ dk _ .
w X1, =wXk

)( —_— A
dt dt ) dt K

Same velocity and acceleration equations as 2D!

vp = Ua + (Upja),,, + @ X 7p/a

.

ap= ag + ((73/._1)”4 + a X FB/--! + 2w X (FB/;I),.(,[ + W X l: X ’—'.B/.-l]

So what is different between 2D and 3D problems?

how  On S () cure OL%‘M'J' ;} > Consitunt
w7 ok y N7 O %70



Question C3.6

Consider an observer who is riding along on a moving (translating and rotating) rigid body. We
wish to use the observation of this person in describing the motion of some point B, which is not
fixed to the body, in the following moving reference frame acceleration equation.

b

Answer the following questions in words: 3 ~ B
7
B - 1
e What is the meaning of @7 J4oted e velou "B/ A
ot v ¥ fhes ence
e What is the meaning of a? S o EA2 A
Ou./\ﬂ view ectel. ¢T'6 ‘(O'l""h‘ﬁ ef . K “ P '

,r_-.’
e What is the meaning of (FB/A)TGI? 4 A
Ve [ocikq 0"6 B oa opsarved From A 0 J i

e What is the meaning of (dp / A) ?

OCCC,’, 0’6 B oD O;;Qfl/ed yor A

e What restrictions, if any, are on the choice of point A?

MUST 192 on W ey ed  for. ref. Fra—wf% aFechad

e What is the difference in meaning between dp/4 and (dp / A)ml?

5:5/,‘ > rel. ace kyfadion o) goon ﬁmw—ﬁxd (ef— frowmne



Question C3.4
The vertical shaft OA rotates about a fixed axis with a constant rate of {2 = 8 rad/s. The arm

AB is pinned to OA and is being raised at a constant rate of # = 10 rad/s. An observer and zy2
axes are attached to AB. The XY Z axes are stationary. What is the angular acceleration vector

for arm AB when 6 = 90°?

:’f = -kl *&MGJ
o:L ='Q_O_ I(-oose’zl +s'\vl9:p" \AL]

=00 ( coso ] 45N )



Example 3.B.5

Given: The disk of a gyroscope rotates about its own axis at a constant rate of ws = 600 rev/min.
The gimbal support is rotating at a constant rate of wy; = 10 rad/s about a fixed vertical axis. The
observer and the xyz axes are attached to the disk. The XY Z axes are fixed in space.

Find: Determine:
(a) The angular velocity of the observer at the instant shown; and
(b) The angular acceleration of the observer at the instant shown.
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Example 3.B.6

Given: Shaft BD rotates about a fixed axis with a constant rate of wy. Shaft OA is rigidly attached
to shaft BD with OA being perpendicular to BD. A disk rotates about shaft OA with a constant
rate of wy relative to OA.

Find: The acceleration of point P on the edge of the disk for the position shown.
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Example 3.B.7

Given: w; = 0.30 rad/s = constant, § = 0.5 rad/s = constant and L = 12 m.
Find: When # = 30°, determine:
(a) The angular velocity of boom OP:;
(b) The angular acceleration of boom OP;
(¢) The velocity of end P of the boom; and
(d)

d) The acceleration of end P of the boom.
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Example 3.B.8

Find: Determine:

(a) The velocity of point P on the disk at the instant when P is directly above the center A of
the disk; and

(b) The acceleration of point P at the same instant.

- A A
W= W, T+Ww, F
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3D Moving Reference Frame Kinematics - Changing observers

Regardless of where you place your observer/ moving reference frame you should arrive at the same
final expression for velocity and acceleration.

Problem: A person attached to a moving body is observing the motion of point A

457 +(VA/O),.€] TOXT 416

0 +(aA/0)re] +a><;;4/0+2a)><(vA/O)re] +a)><(a)><rA/O)

|
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Observer on arm OA:
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3D Moving Reference Frame Kinematics - Changing observers

Regardless of where you place your observer/ moving reference frame you should arrive at the same
final expression for velocity and acceleration.

Problem: A person attached to a moving body is observing the motion of point A

|

=l

457 +(vA/O),.e] TOXT 416

a, =ao+("A/0),.e/+O‘X"A/0+2wx("/1/0)re/ +a)><(w><rA/0)

Observer on vertical shaft:
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Example 3.B.11
Given: Rotation rates wi, we and w3 are all constant. The XY Z axes are fixed, and the zyz axes
are attached to the disk. At the instant shown, A is directly above the center B of the disk and

the zyz and XY Z axes are aligned.
|

Find: Determine: W
(a) The velocity of point A; and ) 2 e
(b) The acceleration of point A. || < ‘ﬁ‘ ,_ \
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Example 3.B.11
Given: Rotation rates wi, wo and wsg are all constant. The XY Z axes are fixed, and the zyz axes

are attached to the disK. At the instant shown, A is directly above the center B of the disk and

the zyz and XY Z axes are aligned.
cam (B i

Find: Determine:
(a) The velocity of point A; and

(b) The acgega:tlggzgf point A. P
=2 A t - t
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