ME 274: Basic Mechanics Il

Week 3 — Monday, January 26
Particle kinematics: Planar Rigid Body Motion

Instructor: Manuel Salmeron



Today’'s Agenda

Demonstration: rigid vs flexible
Kinematic Equations For Rigid Bodies
Example 2.A.1

Example 2.A.3
Summary

ok~ owbdh -~



1. Demonstration



2. Kinematic Equations for Rigid Bodies
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As the rigid body moves:
1. r remains the same

2. 6 changes
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2. Kinematic Equations for Rigid Bodies

As the rigid body moves:
1. r remains the same

2. 6 changes

3. g4 Changes

- 2 -
TBja = Tp — 14

7_A)B/A =T1é,
47 0, r I1s constant!
. B/A . S A
Y = =7e,. +roe
= ”I"Hég




Brief Reminder: Cross Product

a X b is a vector with:
A

ixb -« direction: perpendicular to the plane
Q_) containing a and b

* maghnitude: |a><b‘ |a|‘b|sm9

)

P j| = tlljlsin6 5

~>




Brief Reminder: Cross Product

a X b is a vector with:
A

ixb -« direction: perpendicular to the plane
Q_) containing a and b

* maghnitude: |a><b‘ |a|‘b|sm9

)

[
T X j| = 1(1)sin=
2 j

~>




Brief Reminder: Cross Product
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Brief Reminder: Cross Product




Brief Reminder: Cross Product




2. Kinematic Equations for Rigid Bodies

(> :vector perpendicular
to the plane and
pointing outwards

As the rigid body moves:
1. r remains the same
2. 6 changes

3. g4 Changes

- 2 -
TBja =T — 14

Tg/a = Té |
A7 0, r IS consta
"B/A

N ﬁB/A — dt =fér+réé0
=106y = ré(E X ér)

= (6F) x (r&y TE/4

0 > w: angular velocity of the rigid body




2. Kinematic Equations for Rigid Bodies

For a point B referenced to point A on the same
rigid body:

(») :vector perpendicular
to the plane

ﬁB =§A+5XFB/A,

dp = dy + & X (& X Tg/n) + d X gy,

where:
@ = wk = 6k : angular velocity 7
A
0 > a = ak = 0k : angular acceleration - | < w,«

E
Note that w and a are the same for / /

any pair of points on the rigid body D




Example 2.A.1

Given: The disk shown is rotating at a non-constant rate of {2 about a fixed axis passing through
its center O. At a particular instant, the acceleration vector of point P on the disk is ap.

Find: Determine:
(a) The angular velocity of the disk at this instant; and
(b) The angular acceleration of the disk at this instant.

Use the following parameters in your analysis: @p = 3i + 47 m/s? and r = 0.4 m. Also, be sure to
y

write your answers as vectors.




Example 2.A.1

Given: w = Q, dp =31+ 4 m/s?, r = 0.4 m
Find: (a) w, (b) a

Solution:

Write down the fundamental equations:

T})p =1}>0+(1_)>X7:>p/0
dp =dop +d X Tpp+ & X (& X7pp) (known!)
Note that O is fixed: 3, =0, @ = 0, 0 = 0f + 0]

Define:




Example 2.A.1

Given:w =0Q,a=31+4m/s?2, r=04m
Find: (a) w, (b) a
Solution:
We take what we know:

dp = dp +d X Tpjp + & X (6 X Tp/p) = known
We need the following cross products:

d X 7p 0 @ X 7p 0 @ X (& X7p0)
Remember that:

o=wk and a=ak




Example 2.A.1

Given:w =Q,a=314+4m/s?, r =0.4m

Find: (a) w, (b) a

Solution:

&X’Fp/o —

aXTpjg=—wnr,l+ wrnj

i 7k
0 O a=i(0-0—ary)—j(0-0—arx)+I€(O-ry—0-rx)
o 1y 0




Example 2.A.1

Given:w =Q,a=314+4m/s?, r =0.4m
Find: (a) w, (b)

Solution:

5XFP/O —_

W X Tpjg = —wr,l + wryf

L
0 O

k
W =i(0-0—a)ry)—j(0-0—a)rx)+I€(O-ry—0-rx)
e 1y O




Example 2.A.1

Given:w =0Q,a=31+4m/s?2, r=04m
Find: (a) w, (b) a

Solution:
y
W X Tpjg = —Tywi + 1, wjf

Attendance:

https://forms.qgle/p2QFNkr54EhL mHr5A



https://forms.gle/p2QFNkr54EhLmHr5A

Example 2.A.1

Given:w =Q,a=314+4m/s?, r =0.4m
Find: (a) w, (b)

Solution:
) i ok
BX(BXTPpp)=| 0 0 w
—wr, wre 0
5 X (5 X Fp/o) — _wzrxi - a)ZT'yf
@B X (B X7pj) = —w?(rd + 1))

5 X (B X FP/O) — —(1)27:)1:)/0




Example 2.A.1

Given:w =0Q,a=31+4m/s?2, r=04m
Find: (a) w, (b) a

Solution:
y
W X Tpjp = —T1ywi + 1,w] Tp/o
— —_ - 2 2 Zf A /\\
w X (a) X rp/o) = 1w l—NHw]=—w (Txl + 'ry])

General Formula: If points A and B line in

a plane perpendicular to k, then:

6 X (6 X FA/B) — _(1)2773/14




Example 2.A.1

Given:w =0Q,a=31+4m/s?2, r=04m
Find: (a) w, (b) a

Solution:
aXTpjo=—ryal +r.ajf

Yy
w X (a_)’ X FP/O) = —a)z(rxi + ryj)

Substitute cross-products into ap:

C_l>p=c_f><7_‘)p/0+5><(5><77p/0)

dp = a(—10 +1f) — w?(rl + 1))

dp = (—ary — a)zrx)i + (arx — wzry)j =31+ 4j



Example 2.A.1

Given:w =0Q,a=31+4m/s?2, r=04m
Find: (a) w, (b) a
Solution:

dp = (—ary — wzrx)i + (arx — a)zry)j =31+ 4

Component i: —an, — w’rn, =3

Component j: ar, — w’n, = 4

From the figure: n=-randr, =0

Thus: a = —4/r (from ) We are asked for vcictors:

w = +/3/r (from 1) i@ = —(4/)k




Example 2.A.3

Given: The system shown below rotates about a vertical shaft at point O, such that w = 2 rad/s
and o = 3 rad/s?.

Find: Determine:
(a) The velocity of point P; and
(b) The acceleration of point P.




Example 2.A.3

Given: rotation about 0, w = 2rad/s, a = 3rad/s?
Find: (a) vp, (b) ap

Solution:

Write down the fundamental equations:

ﬁp:ﬁ)o‘l‘BXFP/O

Fixed point 0: B, = dp = 0 = 0f + 0]
The position of P is:
oo = Tp — Ty = 0.51 + 0.25] + 0.05k

X



Example 2.A.3

Given: rotation about 0, w = 2rad/s, a = 3rad/s?
Find: (a) vp, (b) ap
Solution:

Remember that:

o =wkand @ =ak (known)
Thus, we only need to compute the cross productst

w X rP/O’

@ % (@ X 7pp), and x

a X Tpo



Example 2.A.3

Given: rotation about 0, w = 2rad/s, a = 3rad/s?

Find: (a) vp, (b) ap

Solution:
W X Tpjg = wnyl + wryf . :
P
5 % (@ % Frjo) = —0?(d + 1) o oo
a X Tpjg=—an,l+ arf /
ThUS , 250 mm
Up = & X Tpjp = wnyl + wryf *

Ap = A XTpjp+ & X (B XTpp) = (—w?n, —ary)i + (ak — w?



ME 274: Basic Mechanics Il

Week 3 — Wednesday, January 28
Particle kinematics: Planar Rigid Body Motion

Instructor: Manuel Salmeron



Today’'s Agenda

Recap: Kinematic Equations for Rigid Bodies
Example 2.A.7

Rolling without slipping

Example 2.A.5

Summary

ok~ owbdh -~



Summary: Rigid Body Kinematics 1

PROBLEM: Two points A and B on the same rigid body undergoing planar
motion.

V=V, TO XTIy,
HB=ﬂA+aXFB;’A+mX(mXFB;’A)
COMMENTS:

* wand a are the anqular velocity and anqular acceleration vectors of the body.
These are the same for ANY two points A and B.

» 7,4 points FROM point A TO point B.

* If Aand B lie in the same plane, then: ay=a,+oXry, , —szB;_,,A

* From where did these equations come? From the general motion of two points
(Chapter 1) with the constraint that |F3,.--'.,1| :



Example 2.A.7

Given: End B of the link moves to the right with a constant speed vp.

Find: Determine:
(a) The angular velocity of link AB; and
(b) The angular acceleration of link AB.

Use the following parameters in your analysis: vg = 3 m/s, L = 0.5 m and 6 = 36.87°. Also, be
sure to express your answers as vectors.




Example 2.A.7

Given: vz = 3 m/s (constant), L = 0.5 m, 8 = 36.87°
Find: (a) w, (b) a

Solution:

We know vp,
let’s start with

Fundamental equations: the velocity!

5A =§B+5XFA/B
C_l)A — C_l)B + C? X FA/B — a)z?A/B
Position vector: L

Tajp =Ty —Tg = —Lcos@i+Lsinf]Lsinb1




Example 2.A.7

Given: vz = 3 m/s (constant), L = 0.5 m, 8 = 36.87°

Find: (a) w, (b)

Solution:
W X Ty/p =... see the board!
WX Typ=—wLsinfi— wLcosbj A

Go back to the velocity:
Uy = Vg + @ XTyp = vl —wLsin@i—wLcosBj L

We don’t know anything about A, but note the constraint:

0 J
17A=%i+vij=vBi—a)LsinHi—a)Lcosej ‘ .




Example 2.A.7

Given: vz = 3 m/s (constant), L = 0.5 m, 8 = 36.87°
Find: (a) w, (b) a

Solution:

Uy = 00+ v4,,j = vpi — wLsin@ i — wL cos B j

Equality of vectors: A

UB
Lsin@

VB 1 L
Lsin @

Ini: vg —wLsinf =0=> w =

We want a vector: w =




Example 2.A.7

Given: vz = 3 m/s (constant), L = 0.5 m, 8 = 36.87°
Find: (a) w, (b) a A
Solution:
Now, for (b): ds = dp + @ X 74 /p — W*Ta/p
We need a X 75 (see development in board) §
aXTap = La(—sin@i—coshj) — w?L(—cosB1i+sinbj) T_>i
Thus:

0

dy = g4l +a,f = (—Lasin@ + w*L cos 6)1 + (—La cos 6 — w*L sin H)j

cos O »
2 k

a, =0=—Lasinf + w?Lcosd, thus: @ = w ——




Rolling without slipping

Y In equations:
Vdy 1 Vex = VUp

>
no slip Vg.dg 4 aCy + O

B —>

Assume the rigid rolling body and the rigid surface B move in X. Thus:

1. the speed of point C is equal to the speed of B in X

2. the rate of change of speed of point C is equal to the rate of change of speed of B in X
3. thespeedofpointCisOinY

4. the rate of change of speed of point Cisnot0inY



Example 2.A.5

Given: A wheel rolls without slipping on a rough horizontal surface. At one instant, when 6 = 90°,
the center of the wheel O is moving to the right with a speed of vo = 5 ft /s with this speed decreasing

at a rate of 3 ft/s?.

Find: Determine the acceleration of point P on the circumference of the wheel at this instant, if
r = 2 ft. Make a sketch of this acceleration vector at P.




Example 2.A.5

Given: no slipping, 8 = 90°, v, = 5 ft/s, ap = —3 ft/s?
Find: ap, if r = 2 ft

Solution:

Up = Vg + & X Tp /g

dp = dp + a X Tp/g — WTp 0

The origin only moves forward at v, = 51 ft/s:
Up =51+ wk X (rf) = (5 — wr)i = ?27? ’

Do we have information about any other point”

Yes: the point of contact, Q




Example 2.A.5

Given: no slipping, 8 = 90°, v, = 5 ft/s, ap = —3 ft/s?
Find: ap, if r = 2 ft

Solution:

Vo = Vo + & X Ty /0

Vg = Voxl + Vgyf = Vol + 1wl = (vy + rw)l
No slipping: vy, = 0 and vy, =0

Vector equality: vp +rw =0

%
Thus: w = —70

Problem asks for ap, so we will also need «!



Example 2.A.5

Given: no slipping, 8 = 90°, v, = 5 ft/s, ap = —3 ft/s?

Find: dp, if r = 2 ft
Take advantage on two points

Solution: / with known information

- _ A A2 - - 22
g = anl+aQy] = dg +a><rQ/0 — WTy/0

(...derivation in board...)

do = agxl + agyf = apl + ari + wrj y
No slipping condition for Q: a,, = 0 and ay,, #

In the X-component: 0 = a, + ar

Thus: a = —apy /T




Example 2.A.5

Given: no slipping, 8 = 90°, v, = 5 ft/s, ap = —3 ft/s?
Find: ap, if r = 2 ft

Solution:

We can finally go back to ap:

dp = dp + a X Tpjg — W*Tp /0

(...cross product in board...)

- A A 2.4
dp = apl — art — w*rj

ap = (ap — ar)i — w?r}

v2 .

C_ip = Zaoi—T]




PROBLEM: Two points A and B on the same rigid body undergoing planar
motion.

g =aA+::>:xr3;r4+m><(mxrﬁm]

SPECIAL TOPIC: Rolling without slipping

rolling on fixed surface rolling on moving surface
)] ¥
s Fﬂ‘ af.'-l
no ship
—3 V., d

R

Vo=V

A, =dp,., Gp, =0




ME 274: Basic Mechanics Il

Week 3 — Friday, January 30
Particle kinematics: Planar Rigid Body Motion

Instructor: Manuel Salmeron



Today’'s Agenda

1. Summary
2. Example 2.A.8
3. Example 2.A.10



Summary: Rigid Body Kinematics 2

PROBLEM: Two points A and B on the same rigid body undergoing planar
motion.

=)
I
<1

B A

+m><r3;rd4'
+ o

~ )

B 4

SPECIAL TOPIC: Rolling without slipping

rolling on fixed surface rolling on moving surface

-...I

L.

no slip

Vo 89

V=0

T

ey =0, ag, #0 '*r =V

a. 0

a B g

f'.r:a




Example 2.A.8

Given: A flywheel rotates in the clockwise sense with a constant angular speed 6 about a shaft
passing through its center O. The flywheel is connected to a piston A through connecting rod BA.
The piston is constrained to slide along a horizontal surface.

Find: Determine:
(a) The acceleration of piston A; and
(b) The angular acceleration of connecting rod arm BA.

Use the following parameters in your analysis: 0 =10 rad/s, # = 90°, r = 0.1 m, d = 0.2 m and

L =0.45 m.
0




Example 2.A.8

Given: 8 = 10 rad/s (constant), 8 =90°,r =0.1m,d = 0.2m, L = 0.45 m

Find: (a) d,, (b) dz4

Solution:
C_iA=C_iB+&BAXFA/B+63AX(GBAXFA/B) .
BO
wg, Seems to be an important value to know! ’\
0
O is fixed: good place to start
T})B — 50 + 530 X FB/O r]AA ’
L
DU LA I e
ip=0+10 o —g|=—J(0+0r)=-0r] > 4 |t
r 0 O




Example 2.A.8

Given: 8 = 10 rad/s (constant), 8 =90°,r =0.1m,d = 0.2m, L = 0.45 m
Find: (a) @, (b) @p,
Solution:

Knowing vz, we can move to the next body:
FA/B — FA - 7_")3
o Tap = [(r+b)i—dj] — 11

- -

Vq = Vp + Wyp X TA/B

P

T L B 75 = bi — dj
Ba=—0rf+[0 0w =
b —d 0 J

Uy = —01] + (wapd)l — (—wuph)j

EA = Cl)ABb’i + (Cl)ABd — Hr)j



Example 2.A.8

Given: 8 = 10 rad/s (constant), 8 =90°,r =0.1m,d = 0.2m, L = 0.45 m
Find: (a) @, (b) @p,
Solution:

ﬁA = (UABbi + ((UABd — Qr)j

- Ta/p = T4 — 1B
Note that A does not move InY: N R n n
o Tap = [(r+b)i—dj] —ri

Or

wABd—9T=O=>5AB :(;)I} \FA/B :bi_dj
B

@

~
>
>




Example 2.A.8

Given: 8 = 10 rad/s (constant), 8 =90°,r =0.1m,d = 0.2m, L = 0.45 m
Find: (a) @, (b) @p,
Solution:

Proceed similarly with acceleration:
FA/B =T, —Tg
. o Tap = [(r+b)I—dj] —ri
But 6 is constant, so: 745 = bi — dj
B

- - - - 12 2
Ap = Qg +aBO XTB/O — 6 rB/O

C_l)B = _927"2 j C




Example 2.A.8

Given: 8 = 10 rad/s (constant), 8 =90°,r =0.1m,d = 0.2m, L = 0.45 m

Find: (a) d,, (b) dz4

Solution:
In the body BA.:

- = - - 2 2
Ay = ap + Oy X T4/p — WypTa/B

l
C_iA — —Hzri + 10
b

C_iA = _ézri + aABdi — (_aABb)j — (l)ﬁB(bll\ — dj)

d, = (—ézr + aypd — wﬁBb)i + (a b + wipd)]

J
0
—d

N

k

daB
0

— wp (bt — dj)

FA/B — FA - 7_")3
o Tap = [(r+b)i—dj] — 11
\FA/B — bi - dj
B

@




Example 2.A.8

Given: 8 = 10 rad/s (constant), 8 =90°,r =0.1m,d = 0.2m, L = 0.45 m

Find: (a) d,, (b) dz4

Solution:

C_l)A = (—ézr + aABd — (,()Ele)i + (aABb + (,()Ele)]A

Any extra information?
A does not move inY

2
O)ABd l’é
b

0= aABb +(1)Ele = d)AB = —

2 2
- ° (1) d N
dy = (—Hzr — == — a)leb) ]

FA/B — FA - 7_")3
o Tap = [(r+b)i—dj] — 11

\FA/B — bi_ dj
B

@




Example 2.A.10

Given: At the instant shown, link OA rotates counterclockwise about pin O with a constant
angular speed of wpa. At the instant shown, links OA and BD are horizontal.

Find: Determine at this instant:
(a) The angular acceleration of link AB; and
(b) The angular acceleration of link BD.

Use the following parameters in your analysis: wpo4 = 3 rad/s, L = 0.5 m and d = 0.4 m. Also, be
sure to express your answers as vectors. B I D




Attendance

1. Briefly describe your strategy for solving Example 2.A.10 before you start
solving it.

2. Before seeing the solution, make sure your answers comply with the following
checklist:

 Are the units right? (velocities in m/s, accelerations in m/s2, etc.)

 Are the direction of your vectors (e.g., position, angular motion) consistent
with your proposed coordinate system?

 Are all the signs correct? Don't forget the minus in the j-component of the
cross-product!

« Can all your answers be computed numerically with the information given?



Attendance

Step-by-step solution (summary):
Velocity at A:

Knowing v,, go to AB:

Need more info, go to BD:
Equate both v to get:
Acceleration at A:

Knowing a4, go to AB:

N o OO s~ bdh -~

Need more info, go to BD:

oo

Equate both ay to get:

Vg = Woalj

Vg = —wagdil + (Wosl + wagh)j
Vg = —wgplj

G5 =0 and  wgp = —wpuk
dy = —wi L1

dp = (—wjaL — aupd)i + aupbf

(,_iB = aBDLj ~+ (l)lngLi

ZwéAb

d

P

k

P

k

2wd 4L
d

-

and agp =

dpp =



Attendance

3. Compare your answers with the solution. Briefly describe what worked in
your strategy and what you would change next time.

4. Where did you get stuck, and what did you try?
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