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KINEMATICS OF 3D ROTATING

FRAMIES

Previously , we analyzed systems in which the

angular motion (w , 2) happened only around the

&, which was stationary ( = )

For 3D motion ,
the axis of rotation forw

will not be stationary Ja -
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This is not true for 3D ! -E



For 3D motion
,
the angular velocity of the observer

will be made up of several components

= wi + muz+ +...

Some of these can be about Fixed axes and

some around Moving 9xes . It is very

important to identify clearly which is which

Example problems neve require knowledge
of how to write is and of how to

recognize if the rotation is about a fixed

or moving axis .

· X (E)
,
Y(5)

,
Z. (K) are fixed axes

· X (i) , y(j) ,
z(E ) are moving/rotating axes



Velocity equation 2) Irepeated page]
--

VB = Va+BA
But BBIA can be written in

terms of the observer's xy

coordinates : FBA = Xi + y Y Red
observer

DifferentiatingT with respect

to time yields :

[Fi=A + FiA]
B = vn + Xi +Xi + yj +yj

=p = n + xi + yj + x([xi) + y(Xy)

= + xi + yj + X(xi + yj)
Tis=A + (EBA)vel+ X FBA



Velocity equation 3D

FB = FA + FBA
But BBIA can be written in

terms of the observer's xy

coordinates :EBA =Y + y5 +z

DifferentiatingT with respect

to time yields :

[Fi=A + FiA]
= = vn + xi +Xi + yj +yj + zm + zk

=p = n + xi + jj + zm + x([xi) + y(ixy) + z(wxi)

=A + xi + yj +=X(xi + yj +zi)
Tis=A + (EBA)vel+ X FBA



Notice that now

(JBIA) res = Xi + jj + I
is the relative velocity seen by the observer

Acceleration equation 3D

=A + (a)vel +Xin]
ai=n+ (NBA)vel+ (wXiA)
-

↓ product Y Rule
-

=a)+x+x()
from the velocity derivation :

[a] = (Nis/a) rel+XBla



=nij++j+ zi) +2xTB/A+ [x(j)m+wxz/]
d ↓
--- -

↓werea
=n + (bar+x(FA)+XTBin + WXJAn+xTx
-

ap = a + (B/A)rel +Exis + 2 x(FBalre+ x[wxFBia]

Relative acceleration of B
as seen by the observer.



In 33 motion, x(xBa) F -wirB/A
In 3D motion

,
i O



Angular acceleration of rotating frame
2 & in

dt

For 2D problems, the moving reference frame is

rotating e a FIXED axis (1 to the plane
of motion) .
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For 3D Problems di is not straight forward
Consider the gimbal below : the blue frame

rotates about the fixed f

axis
,
and the disk

rotates about the

moving I axis.
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,
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z = wij + wi - wzw(fXi) (5 = j)
=> I = wis + we-waw, j
So , even if one has constant rates of change

of the angular velocities , I may not

be zero !

= -waw , i

summary :

vis = En + (nb/a(v) + EXTBA

ab = an + (Bin)m + y +, + 2 x Tip + wx[wXVB/A]

and I may not be zero even if wi =w = 0

and Wot = W, W2 +. . . -
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The tank is not moving at the instant shown

(constant)

solution : REMEMBER in = WOTX
-

Wor = -5 + =
&

=wro)= +ri+ 0



& = ([oX)
= [(rj+ )xm]
k=

2 = ErI

Only now we can approach the accel · equ.

ap =c +(i + zxv + 20+ x(v(x) +m+x[i+xp]

= *x40 + Wiox (wo x Tod
a = 25X(15XvE) rE !
a = -rvk -J
(apc(r) = /constant muzzle velocity)

= Li



(r)re) = WreL

=>p = -rvI + =r]X(i + 2(rE+) X Ne i

+ (5+) x[(5+ok)x(n]

J
-

& I ↑ = cosI+ SinJ
10

-

I

=> ap = -v +=r]x/Lo + (sinOY)
+ 2(1j + ok) xVazKosoE + sinOY)
+ (5+ )x[(-5+ok)x/LooI + (sinOF]]



=>p =-[vi + =r(sink +
- an 100 + 2 ENReCosOY-2ENreSing

MEL

+(J +ok) x[-rIOO + ELloSE-ELsinG]

=p =-r +Orsino + 22Nco

+ 28 Velosoj-z8NreSing

- rosoI-rsino-OI-Esin]


