
ME 274: Basic Mechanics II
Lecture 11: Moving Reference Frame Kinematics 



Previously: Rigid body kinematics Today: Moving reference frame kinematics

𝐵
𝐵

• Points 𝐴 and 𝐵 are on the same 
body

• 𝑟 = |𝑟஻/஺|=CONSTANT  and 𝑟̇ = 0

𝐴 𝐴𝑣஺
𝑣஺

• Points 𝐴 and 𝐵 are NOT on the 
same body

• 𝑟 = |𝑟஻/஺| ≠ CONSTANT  and 𝑟̇ ≠ 0

Velocity and acceleration of point B with 
respect to point A: How do we relate the motion of 

the two bodies?
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Moving Reference Frames

• Stationary axis → 𝑋𝑌𝑍 axis →  𝐼መ, 𝐽መ, 𝐾෡ unit vectors
• Moving reference frame (translating and rotating) → 𝑥𝑦𝑧 axis → 𝚤̂, 𝚥,̂ 𝑘෠ unit 

vectors
• The observer at point A describes the position of point B as:

• NOTE: the vectors 𝚤̂, ȷ̂ rotate with the observer – their orientations change with 
time!

e x t e r n a l
o b s e r v e r

•  β

I

1  +  B A TT R A J



Animation: Views from different reference frames

External Observer Observer on OA Observer on AP

Question: Which observer do you think would be most useful in 
calculating the velocity and acceleration of point P?

→  t o o  c o m p l e x →  n o  m o t i o n→  s i m p l i f i e d



Angular Velocity of the Rotating Reference Frame

𝜃

𝜔

• 𝜃 is angle between the 𝑥 and 𝑋 axis and the 
𝑦 and 𝑌 axis.

• The angular speed of the observer is given by 
the time rate of change of the angle 𝜃

• 𝚤̂, 𝚥̂ unit vectors are a constant length, but change direction → time derivatives ≠ 𝟎
Writing 𝚤̂ and 𝚥̂ in terms of their components in the 𝐼መ and 𝐽መ direction:

• Using the right-hand rule we know 𝚤̂ = −𝑘෠ × 𝚥̂ ,    𝚥̂ = 𝑘෠ × 𝚤̂

d f .    =  O k
I

-
-  C O S  ⑦  I  +  s i n  ⊖ ]

]  =  - s i n  Q I - C O S E T

d ia t  =  -  ⑦  s i n  ⊖  I  →  ' c o s  o f  =

I f _  - c o s  Q I - s i n o s  = - f i

d "  -  O  ( E x e ) -  +  E
a t

d j
a t  .

O  ( r  +  g )  =   ✗  j



Velocity Equation – 2D
The position of point 𝐵 written with respect to point 𝐴: 

The vector 𝑟஻/஺ written in terms of the observer’s 𝑥𝑦 coordinates:

Differentiating with respect to time (remember 𝚤,̂ 𝚥̂ vary with time):

>  f i x e d  r e f .  f r a m e
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←  d i s t r i b u t e
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Acceleration Equation – 2D
Starting with our equation for the velocity of point 𝐵:

And differentiating with respect to time: p r o d u c t  r u l e

←  p r e v i o u s
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What do each of these terms represent?
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Starting with the equations we derived earlier:
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