
ME 274: Basic Mechanics II
Lecture 13: Moving Reference Frame Kinematics -3D



Exam 1 info:

• Exam 1, Thurs. 2/12, 8 – 9:30, MA 175

• Arrive 15 minutes early so we can start on time

• You will have time after the exam to scan and submit.

Homework and class updates:

• No class Friday, 2/13 to account for evening exam

• HW released Monday (2.C, 2.D) due Friday 2/13

• HW released on Wednesday (2.E, 2.F) due Monday 2/16

• Reminder to use correct HW formatting!

• Office hrs change: Th 12-1:30

Announcements



How do our expressions for velocity and acceleration change when our system is 
moving in 3 dimensions?

𝜃

𝜔

• Angular velocity measured around a single axis (usually 𝑘෠)

𝜔 = 𝜃̇𝑘෠

• Unit vectors 𝚤̂, 𝚥̂ change with time
𝑑𝚤̂

𝑑𝑡
= 𝜔 × 𝚤̂,

𝑑𝚥̂

𝑑𝑡
= 𝜔 × 𝚥̂

• Velocity:

• Acceleration:
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(VB/A) rel = to-jj

(a,/A) rel = I + jj



• Angular velocity around a moving axis
• Multiple components each representing a different axis of rotation, 𝜔ଵ, 𝜔ଶ, 𝜔ଷ, …
• The total angular velocity of the observer is found by vector addition of all the 

components:
𝜔 = 𝜔ଵ +  𝜔ଶ + 𝜔ଷ + ⋯

• Unit vectors 𝚤̂, 𝚥̂, 𝑘෠ change with time

𝑑𝚤̂

𝑑𝑡
= 𝜔 × 𝚤̂,

𝑑𝚥̂

𝑑𝑡
= 𝜔 × 𝚥̂,

𝑑𝑘෠

𝑑𝑡
= 𝜔 × 𝑘෠

→ not aligned with i, j, k

some rotations about fixed Axis → WEI, WI, WI
some about movind Axis → W, K, Wat, W3J



In the fixed reference frame, the position of 
pt. 𝐵 is related to the position of pt. 𝐴 using 
the relative position vector:

𝑟஻ = 𝑟஺ + 𝑟஻/஺

In the moving reference frame, 𝑟஻/஺ can be 
described using 𝑥𝑦𝑧 coordinates: 

𝑟஻/஺ = 𝑥𝚤̂ + 𝑦𝚥̂ + 𝑧𝑘෠

To find 𝑣⃗஻, differentiate 𝑟஻ with respect to time:

→

(B/A) rel =
← same as 2D!
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Acceleration of point 𝐵 is found by taking the time derivative of the velocity equation

𝑎⃗஻/஺ ௥௘௟
= 𝑥̈𝚤̂ + 𝑦̈𝚥̂ + 𝑧̈𝑘෠   → the acceleration of B as seen by the moving observer

𝛼⃗ =
ௗఠ

ௗ௧
→ angular acceleration of the observer

as ← same as 2D

¥

2D → -Wr ≠ 3D

→ change is how

A, W defined



Considerations for determining angular acceleration of the rotating 
reference frame:

By definition, 𝜶 =
𝒅𝝎

𝒅𝒕

In 2D problems, the moving reference frame rotates about a fixed axis (generally 𝐾෠ ).

The time derivative of the unit vector therefore is:

If the angular velocity of the moving reference frame is given by 𝜔 = Ω𝐾෠ angular acceleration is 
found as: 

In 3D problems, the moving reference frame rotates about both fixed and moving axes for 
example:

dk
at ⇔

-II-skin"at > E - IR
always for 2D

.
I. = dw

dt
do- at = in, I_WET wet + waff *

dJat → fixed-0 1¥.  ✗ I

> I J = j
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xi = (w, J -write = W. (Jai) + Walter)°

= W, (j x E) =-W, R *

I = W, j + W, E - new, k

Challenge: in 2D if : const, I-O

true in 3D?

No! → in ex. if i,,w2-0 ✗ = -W, W, R



Remember on rigid bodies |𝑟஻/஺|=𝑐𝑜𝑛𝑠𝑡. →

We can reduce our moving reference frame expressions for velocity and acceleration:

(B/A) rel = (TBA) ret = 0

VB - VI-  xpB/A

o o
EB = Eat at riga"  "  WBA

eghs. same as 2D → change in how , 

- .-we... =a
at



I

^ I →

 - w, É-we J

→ EI j-J ER

= IT = in 1k + w, ff.tw

: W, (W XK)

= W (W, K + W2J) ✗ R

^ 2%-We#t
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J-j~ =-W, Wat

, I + Wz



Ep
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j't
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→ I

a) -RJ+ K
=rj+⊖

b)  = inJ-RAJ
It

• . N

K- of

=  ( ×R)
=  [(RJ + ok)xk] ORJ×É- inI



Ep
-
α → I

j'

J↑

→ I

Vre, t
Gp- Ect (Apra) rel + EXE-2  ✗ (Vp/c) re, +  ✗ (W-Fp,)

Rigid body OC:
- oaf. + Wow coxtro)

RJ + (rjeri) -RJ"-Ark

E. -a o

→

+ A
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Ep = - In It ORIXLE + [(RJ + &) ✗ Vreid
+ (RJ- B) ✗ [(rst i R) XLI]

convert to consistent vector system

^ I-COSOI + sin

R-E

=

ñ

⊖

Ap: - Nfr + ⑦ RI ✗ ↳ (cos ⊖I+sin⊖j)

+ 2 (Rj- E) × Vrel (cos ⊖ I

✗ (15+0-1

"+ sin ⊖ J)

)YLCOS⊖I + LSIn⊖J)+ (RJ + 0k.

=-hr I + ErLSin⊖E - 2RVrel COSO É-20 Vre, cos ♂

- 2 sino I - (RJ+ ⊕ E) ✗ G- RLCOSOE- Leo]-Olsino I)



Rr I + ORLSING É - 21 Vre, COSO E- + 20 Vre, COS

- 20 Vreisino I - ALCOSGIER LSM⊖É- ECOSQI

- LSinos


