
ME 274: Basic Mechanics II
Lecture 5: Planar kinematics: rigid bodies



Homework changes due to snow cancelations:
HW 2.B, 2.C, 2.D due on Friday
HW 2.A canceled

HW 1.I and 1.J still due tonight

Announcements



What are rigid bodies?

Any object for which the distance between any two points on the object remains fixed regardless of the 
motion of the object

A
B

A

B

Point kinematics→ we treat the object as a particle 
Rigid body kinematics →we care about the position, geometry, and orientation of the object

If we know the motion of one point and the rotation of the body, we can determine 
the motion of every point on the body

Distance fixed, 
orientation changes

→ F. via

r



• Position of point B with respect to point A found using relative position 
expression

Using the polar description of 𝑟஻/஺:

• Fixed points → |𝑟஻/஺|= 𝑟 =  𝑐𝑜𝑛𝑠𝑡., 𝑟̇஻/஺ = 0

• Changing 𝜃→ 𝑟஻/஺ ≠ 𝑐𝑜𝑛𝑠𝑡.

Take time derivatives for velocity and acceleration:

Kinematic Equations for Planar Rigid Body Motion

FB/A = TB-FA

referee
observer

p

=rér

BBA-Ts-F-ren

BIA-T,-Ta-'rénréé
→ AB/A-as-at = (i-régé, + (ro + are) et



Deriving the Rigid Body Velocity Equation
We can derive a description agnostic expression by writing in terms of vector operations

𝑣⃗஻/஺ = 𝑟̇𝑒̂௥ + 𝑟𝜃̇𝑒̂ఏ = 𝑣⃗஻ − 𝑣⃗஺  ← specific to polar coordinates

relative
polar

we know /Boat- r-const
r-o p

do-kxér

VBA

éo
Er

→

scalar
a

rén → relative position
vector TB/A

ok-toVIA



Deriving the Rigid Body Acceleration Equation
We can derive a description agnostic expression by writing in terms of vector operations

𝑎⃗஻/஺ = (𝑟̈ − 𝑟𝜃̇ଶ)𝑒̂௥ + 𝑟𝜃̈ + 2𝑟̇𝜃̇ 𝑒̂ఏ = 𝑎⃗஻ − 𝑎⃗஺  ← specific to polar coordinates

To find the 
velocity/acceleration 

of point B

/Trial = r-const → r-o-F
^

polar
← relative

93/A
> in terms of k

⊖
→ ér

éo- air}
ér=-k + (k-er)

é

in in in

0transtration rotation



ÑB/a = ☐ ✗ (  ✗ TBA) + I ✗ TBA

- warB/A

= -W² FB/A#✗ TB/A

- 3D

2D a- Bla



Angular Velocity and Acceleration

Angular velocity: 𝜔 = 𝜔𝑘෠ = 𝜃̇𝑘෠

Angular acceleration: 𝛼⃗ = 𝛼𝑘෠ = 𝜃̈k෠

Describe the motion of the BODY and is the same for 
any set of points – i.e. a rigid body will only have one 

angular velocity and acceleration

+𝑘෠

+𝜔, 𝛼

The direction 𝑘෠ denotes the axis the body 
rotates around. The sign denotes the 

direction (ex. Clockwise, ccw)

E

E p

0.1:

⑦ = ⊖, + const

⑤ - ri + O-w

2 = = α



o → pinned
.-0 ñFo

Ep
Ep-To-  ✗ To-

Apib + Apy j-O

wÑplo

+ ✗ Ex-r-w-tri)

- -arj-WE

= war → w = ±
E: Apx

APA
r

O

± ≥
014

= ± 2.74rad
S

 = ± 2.74rad K
^

j: apy • -or → a- - Apy =-£4 = -10 rads-
r
I = -10 & rads-



e

① ^

O pinned → Vo = O
a.-Oo + to ✗ To

o
=  ✗ Tpo = WE ✗ (0,52 +. 25J + 0.05K)

Ñp = 0, 5wj -. 25W
0.5 (2) j - 0.25(2) d =

: ax To +  ✗ (  ✗ To)

Jp-T

•
*

If -0.55 m/s

ñp-a 0
= α R x (0.52 +. 25ft 0.05K)

+ wk × [wk x (a. 52+0. 25g -0.05K)]
= 0.52J - . 25×1 + wk x (0.5mg-0. swe)

→ 0.5 w²2-0.25021
= (-. 25N-5w³)8 + 1.5N-. 25 w²j

→ plug in & solve
Tp =

⟂ j
+





ME 274: Basic Mechanics II
Lecture 7: Rigid Body Motion



Review: Rigid Body Motion

Rigid body: 

Velocity and acceleration of point 
B with respect to point A:

If we know the motion of one point and the rotation of the 
body, we can determine the motion of any point on the body

Angular velocity 𝜔, and angular acceleration 𝛼
are properties of the body

 𝜔 = 𝜔𝑘෠ = 𝜃̇𝑘෠,  𝛼⃗ = 𝛼𝑘෠ = 𝜃̈𝑘෠ 
 Sign of 𝜔, 𝛼 determines direction of rotation 

(using right hand rule)



1) draw unit vectors Lsin ⊖
2) What do we know? (0.6)

TB- VBI, VA-VA]

FAIB = (-Loose + (sing)

3) solve for Va in terms of VB

→ya - I +  - rans

VA) = VBI - Wk ✗ (LCOSOI- Lsin⊖j)

= V31 - WLcos0j - WLSin⊖E

> i
J

Lcos⊖ = (0.8)

3,415triangle



4) split components

6: o - VB- Whsino

: VA = - WL COSO

solve for W & Ka

W = ¥40 - 8.540.61" 10ᵗʰ

VA = -10 (0. 5) (0.8) =-4ms

5) solve for a

AI - Ap +  ✗ RIB - Wh Tap

Gaj-apt + xD ✗ FL cos ⊖ I

= ABE -✗ LCOSO J -✗ Lsin ⊖

I--4pm's

+ Ls: n ⊖ j) - w²(Lcos⊖E + (sing)

≈ + w²Lcos⊖E-W²LSMOJ



6) split components

[: o - AB -ALSINO + W²LCOS⊖

j: Aa = -✗ L cost -w-Lsin⊖

sub in known/found
values & solve



1) draw unit vetors

2) define geometry

b-Fd'

3) find Va from Vo

Va = To"  "Varo

0 + work ✗ ↳

Vi- Wont]

t
D=

4) find ⅓ using Va

L2-d?

A

→ s

V, = VA + WAB ✗ FB/A

= Va) + Wark ✗ (bi-dj)

= VAJ + WAB Dj - WABd I
5) find VB using VD→ w -

TBD
- O + Weak ✗ (-LI)

VB-VD + WBD

B T-WBDL]



6) set equs for VB equal

- Wabd I + (VA + WAB b) j = -WBAL ↑

7) split components

[: -Ward -0 ⇒ WAB-O

j: VA" Wabb =-W BDL

VA: -WBDL → WB D= -VA Woal
L L

WB D=-Woa k

EAB-♂

now for acceleration:

find at from Ao



AT#-

fixedpt

A, from AA

£,-EA-AB" TIA-WAB VBA
= EAT - -ABR-(bi-dj) -w#bi-aj)

given
2

of Varo- Woara/o

- a -W' LI
OA

= aft + .#j -Nadt

AB from Ap fixed pt.

♂,-as" 8D ✗ VB/D-W}.TB1D

+ ✗ BAR x-LI - w 33dL-L) E

⑦ ☐ = -✗ BDLJ + WBD ↳ I



set equs for a, =

Eat + αapj- αaBdi =-αBDLJ - WID 4

separate terms:

E: AI-and = WIL

J: RAB b = -✗ BDL
Legn, Z unknown

Sub in values and

solve



ME 274: Basic Mechanics II
Lecture 7: Rigid Body Motion: Rolling without Slipping



Review: Rigid Body Motion

Rigid body: 

Velocity and acceleration of point 
B with respect to point A:

If we know the motion of one point and the rotation of the 
body, we can determine the motion of any point on the body

Angular velocity 𝜔, and angular acceleration 𝛼
are properties of the body

 𝜔 = 𝜔𝑘෠ = 𝜃̇𝑘෠,  𝛼⃗ = 𝛼𝑘෠ = 𝜃̈𝑘෠ 
 Sign of 𝜔, 𝛼 determines direction of rotation 

(using right hand rule)

Tng. Velocity

→ 2D&3D

-Langaccel.

2D

> 3D
+ wa → cow
- wix-cw



Special case: Rolling without Slipping

The wheel rolls on a rough, stationary surface. The center of the wheel 𝑂 has a velocity 
and acceleration 𝑣ை, a୓ . It is assumed that sufficient friction acts between the wheel and 
surface such that the contact point, 𝑪, does not slip

“No slip” condition:
𝑣௖௫ = 0, 𝑎௖௫ = 0

•

C

path of C

é
n

it

in

tangential component
of acceleration & velocity

matches that of
the contact surface



Question: If C is a no-slip point, what are the y-components for the velocity and 
acceleration of C?

Known information:
• 𝑂 moves on a straight, 

horizontal path

• “No slip” condition

Using our rigid body equation for velocity: 𝑣⃗஼ = 𝑣⃗ை + 𝜔 × 𝑟஼/ை

Using our rigid body equation for acceleration: 𝑎⃗௖ = 𝑎⃗ை + 𝛼⃗ × 𝑟௖/ை − 𝜔ଶ𝑟஼/ை

No-V. i, Go_Got

Vax-Or, at = Or

J

Vex 7 VT - V. I + wk ✗ f- Rj)

VeyJ = Voi + who

ext + Acyj = are + ✗ Rx (-Rj) -w-(-Rj)

• Acyj - a or + αRI + w? Rp

i: O -a. + αR → α- -ar

j: Acy = W'Rj

j: way-◦

[: O = V. + WR → V5-WR
rotating CW

w =-V02

jw

a

M

c

F- WRJ

ñ



Question: What if C is a no-slip point, but the surface it is on is moving?
Known information:
• 𝑂 moves on a straight, horizontal 

path

• B is translating in the 𝑥-direction

• “No slip” condition

Using our rigid body equation for velocity: 𝑣⃗஼ = 𝑣⃗ை + 𝜔 × 𝑟஼/ை

Using our rigid body equation for acceleration: 𝑎⃗௖ = 𝑎⃗ை + 𝛼⃗ × 𝑟௖/ை − 𝜔ଶ𝑟஼/ை

>
Vo Vot, G. = a. I

B- ⅓" EB-ABE

Vx- VB Ace-AB

i: VB- Vo + WR

J: Vey =

Vc, I - Vcyj = V. I + Wk x (Rj)

VBI + Voy j - VOI" WRI

→ w. Yivo
R

Act I + acyj = Got + IR x (Rj)- wf-Rj)

apt + a a, j = at + ✗ BE + w² Rj
↑: a, = a. + αR → α = as-Go

J: any = w'R r

ñ



Ao: - 3ft/s-

1) draw un 't vectors
2) relate pts. with the

most info
pto: To: Vod
ptc: V. -O, Ace

Jay:O, ay = 0

3) rigid body motion → velocity

-T- -roo

Vci + Vayj = too + wk x (rj)
= Vob- wre

É: Vox = votwr. > w = V

j

→ C

J: Vey = 0

°

ex -V0 W =-Yo = -{=-2. srage



4) rigid body motion → acceleration

a. = To + Ix rero-when

a ☒ - + acyj = a. I + αk + (rj) + warj

I:& = do + or → α =-% = ³,

5) motion of pt. P
P

⑦ p = do + at x rpro - Wipro

Gp- G. i - xk-(rj) - w-ry

- a.-art-wiryc

• 0

I
= -3- (1.5.2)]E -(E) 1215

Ep = 05-12.55 ft/s'

ñp

^

- God + are + w²rjAcki + ayy
0 = 1. 5 rad/s²k

ay- war = (E) 22 = 12.5 A/g-



t

• A

1) unit vectors
2) known into
pt. A: FA - rat, EA- AAI + day]
Pt. B: VB = -VBI, AS = 02 + Apy]
3) find W using p+A&B

Ta-I + ⑥ ✗ rare

VAE = -V, E - wk efftry)

VAE =- VBI - W (Rtr) I

Va + Visk 
' (Rer)

ABx-0

R
I ☑



4) find & using.pt A&B

AT = AT + I ✗ TAB-W³ÑAB

9Ax"" AAyj - a

- apyj -✗ (R

[: Max = TX (Rer) → ✗ =

Bx"" AByJ + αk" (Rtr) j - w² (Rer)j

+ r) e - w-(R-r)j

- AAX
Rtr

5) use W, α to find Tp

Vp = BB-  ✗ Tpp

- Vpi + WE ✗ (RE + Rj)

= BE + WRJ -WRT

Jp = (⅓-WR) E - w Rj = (⅓-
(VA + ✓ B) R)

(Rtn)

(sub in & solve)

(+ why



6) use w,x to find Ip

Ap- ñ, + ÑxG,-W²rp/B

- Apy/ + ✗ Kx (Ri + Rj)-w²(RE + Rj)

= Apy j + αRj - ✗ RI - W²RU-WR;

• w²R^

Ap: -R (a + we)i + ✗ Rj

from earlier



ME 274: Basic Mechanics II
Lecture 9: Instant centers



Announcements:

Updated office hrs (ME 2008A):
T: 9:30- 11 am, W: 3:30-4:20, Th: 3-4:30

Exam 1:
• 8-9:30 pm Thursday, Feb 12
• Room: MA 175
• Students with DRC accommodations:  HIKS G980

Review Sessions:
• Pi Tau Sigma: Thursday, February 5, 6:30-7:30 PM, WTHR 172
• ME 274 Instructor, Krousgrill: Tuesday, February 10, 7:00 PM
• Samples of past exams can be found on WeeklyJoys – note division of course material 

has changed over the years

Exam format:
• Topics covered: Ch.1 & Ch.2
• Problems 1 & 2: Long form problems similar to HWs
• Problem 3: Several true/false, multiple choice, or fill in the blank conceptual questions



Rigid body motion  of an object rotating around a pin

𝐵

𝐴

𝑟஻/஺

Consider a body pinned at point A such that 𝑣⃗஺ = 0.  The body is therefore rotating about 
point 𝐴, or equivalently 𝐴 can be called the center of rotation.

What do we know about the direction and magnitude of point B?

Reminder: the cross product of two vectors produces a vector perpendicular to both input vectors

velocity

TB = B x rbia

direction TB ⟂ TBia

magnitude?: 1 if I = W/Bal

W



Given velocity, how do we determine find the point the body rotates about?

𝐵

𝐴

Consider a rigid body with known velocities at points 𝐴 and 𝐵.
We can find the center of the body’s rotation by finding the point of intersection of lines 
drawn perpendicular to these vectors. 

𝐷

This point is referred to as the 
instantaneous (or instant) center 

of rotation.  

Since 𝐶 is the center of rotation, 
𝑣⃗஼ = 0

𝑣⃗஺
𝑣⃗஻ Reversing this process can 

give us information about 
the velocity of point 𝐷

PA-T, + what
solve w

J a = ²
+ We race eñAK

VA-W/Farol

Vp- W/ real



• The sense of rotation (i.e. the sign of 𝜔 or CW/CCW) is determined by visualizing the rotation of the 
body around 𝐶.

• The velocity vectors of each point changes with time, meaning the location of point 𝐶 will also 
change. Note 𝐶 does not have to lie on the body

Instant centers (ICs): more key concepts
• The speed of a point on the rigid body is proportional to 

its distance from the IC.
- Remember, 𝜔 is a property of the body.

𝐵

𝐴

𝑣⃗஻

𝑣⃗஺

𝐴

𝑣⃗஻

𝑣⃗஺

𝐵

W = Val

travel

- / Val

trisect

CW -I



𝐵𝐴
𝑣⃗஺

𝑣⃗஻

Question: What if |𝑟஺/஼|, |𝑟஺/஻|= ∞?
l

w = ÑA

travel

⅓
trial no rotation,

on by translation



Question: The instant center of rotation for a body has zero velocity. Does the 
instant center also have zero acceleration?

Consider our rolling without slipping example:

Vc-O

C-IC

a. - waryA1-Ac + I-Frc-W² rare

3 components → not ⟂ to rare

A



Refer to lecture book for step-
by-step process for IC analysis



Iw? aw aw

Va- 0.3 Wox

IC

link AB

W A 13 #W-A
= 0.3 Won

0 13



VA

VA //VB > WAB =



v

10

VB

VA ]



cow

V.

⟂ OBD

BD

ICÑ
=CW

F



Va - Woah

Link AB

A

⟂ CAB

Va- Wala/ICAI

WAA = V1
Ltano

Link BD

✓ B" WAB LCOS⊖

VB- WBD LOOSE

WAB £0080 = WBAL co

I

so

WAB = WBD

trig for triangle:

L = bcoso → b- ↳ ⊖

AD = bsin⊖= ↳ ⊖' "no

= Ltano

"Eos ⊖

Ltano



VA

r

v0

W- VA

travel

VA
=

(rtr)
Mro

VB-w/Ed

⅓-WERE

to- ⅓ (coste + sino j)

= Wk GET + E- g)
% =-WRI" WRJ

1457

R

RF

B



ME 274: Basic Mechanics II
Lecture 10: Summary of Kinematic Analysis of Planar Mechanisms



Announcements:

Updated office hrs (ME 2008A):
T: 9:30- 11 am, W: 3:30-4:20, Th: 3-4:30

Exam 1: See course website for info on Exam 1, review sessions, equations sheet etc.



A reminder on required HW formatting:



Review: Rigid Body Motion

Velocity and acceleration of point 
B with respect to point A :

If we know the motion of one point and the rotation of the 
body, we can determine the motion of any point on the body

Angular velocity 𝜔, and angular acceleration 𝛼
are properties of the body

 𝜔 = 𝜔𝑘෠ = 𝜃̇𝑘෠,  𝛼⃗ = 𝛼𝑘෠ = 𝜃̈𝑘෠ 
 Sign of 𝜔, 𝛼 determines direction of rotation 

(using right hand rule)





Steps for solving velocity and acceleration problems

1. Define your coordinate axis

2. Write down your velocity/acceleration equation for each body
• If not shown graphically or explicitly stated, assume 𝜔, 𝛼 are positive, a negative end 

result tells you to flip this assumption
• Remember that 𝑟஻/஺ points from 𝐴 to 𝐵
• 𝐴 and 𝐵 must be on the same linkage
• Give each 𝜔, 𝛼 a unique subscript

3. Combine your equations from step 2
• Split vector equations into scalar equations (break into 𝚤̂, 𝚥̂ components)
• Count your equations and unknowns, if they match, solve for your unknowns
• If they don’t match, you’ve missed an equation. Go back to step 2.
• Write you answers as vectors, noting 𝜔, 𝛼 will be in the 𝑘෠ direction

4. Use the concept of instant centers to check the direction of your velocity and the sense of 
rotation of your bodies





Review: Rolling without slip

Stationary Surface:
• Contact point is instant center
• Only the tangential component of 

acceleration will be zero

Moving Surface:
• Contact point is not instant center
• Components of velocity and 

acceleration tangent to the surface 
will be the same for the body and the 
surface.

• Acceleration components normal to 
the surface will be different.







Review: Instant Centers of Rotation

The IC is a point in space where 𝑣⃗ூ஼ = 0

The sense of rotation (i.e. sign of 𝜔) can 
be determined visually by the direction of 
the velocity and position of IC

The speed of a point on a body is 
proportional to its distance from the IC






