
ME 274: Basic Mechanics II
Lecture 1: Course Intro & Point Kinematics, Cartesian Description



• Textbook: Dynamics – A Lecturebook
• https://www.purdue.edu/freeform/me274/daily-schedule-sp-2026/

• Will be used daily during lecture

• Can be purchased for $90 from the University Book Store

• Course website:  https://www.purdue.edu/freeform/me274/
• Homework assignments, solution videos, and discussion posts

• Additional example problems

• Section specific announcements on instructor page

ME 274 Course Structure

https://www.purdue.edu/freeform/me274/
https://www.purdue.edu/freeform/me274/
https://www.purdue.edu/freeform/me274/


Assignments and Grading
Grade scale: 97-100% A+, 93-97% A, 90-93% A-, 87-90% B+, etc.….

Homework and Quizzes: 25%
Homework
• Two homework problems per lecture, submitted to Gradescope by 11:59 PM the day 

of the next lecture.

• One problem graded for correctness, one problem graded for completion.

• Three dropped assignments.

Quizzes
• In-class quizzes will be given throughout the semester and will be unannounced.

• Quizzes serve as practice for you and an assessment of class understanding for me.

• Grading will be based off completion/demonstrated effort.

• If you need to miss a lecture email me before the start of class with the subject line
ME 274 Absence (no body text needed).

Exams: 75%
• Two 1.5 hour evening midterms, Th 2/12 & Th 4/2

• 2 hour final exam, date TBD during finals week

• Weighting of midterm average and final: Higher score → 50% of course grade, 
Lower score → 25% of course grade

ME 274 Course Structure



Teaching Team and Help Resources
• Dr. Andress office hours: T 9:30-10:30 & W 3:30-4:30 in ME 2008A, (or by 

appointment)

• See syllabus for additional faculty office hours

• ME tutorial rooms – staffed by TAs during normal business hours

• Discussion thread on course website

• 800+ of your peers!

ME 274 Course Structure



Moving from statics to dynamics
Statics (ME 270):

• Systems in equilibrium

෍ 𝐹 = 0 , ෍ 𝑀 = 0

• No acceleration

Image: https://enterfea.com/difference-between-static-and-dynamic-analysis/

Dynamics (ME 274):

• Net forces result in acceleration

෍ 𝐹 = 𝑚 𝑎

Course Objectives:

1. Describe motion precisely

2. Relate motion to forces

3. Predict system behavior over time



Kinematics describe particle motion without reference to forces – how the system 
moves with respect to a chosen coordinate system.

Describing motion: particle kinematics

Describes:

• Position, Ԧr(t)
• Velocity, v(t)
• Acceleration, a(t)

P

Path of P

Ԧr

For all coordinate systems:

Ԧ𝑣 =
𝑑Ԧr

𝑑𝑡
 ,

a =
𝑑2Ԧr

𝑑𝑡2



Particle Kinematics – Cartesian Description 
Cartesian Kinematics

• The path of particle P is expressed in terms 
of x and y components 

 Ԧ𝑟 = 𝑥 𝑡 Ƹ𝑖 + 𝑦 𝑡 Ƹ𝑗

• All vectors are represented as linear 
combinations of the unit vectors 𝒊̂Ƹ and 𝒋̂Ƹ

𝑑 Ƹ𝑖

𝑑𝑡
= 0,

𝑑 Ƹ𝑗

𝑑𝑡
= 0

Velocity components come from time 
derivatives of position components

Ԧ𝑣 =
𝑑Ԧr

𝑑𝑡
= ሶx Ƹ𝑖 + ሶ𝒚 Ƹ𝑗

Acceleration components come from second 
time derivatives of position components

a =
𝑑2Ԧr

𝑑𝑡2 = ሷ𝑥 Ƹ𝑖 + ሷ𝑦 Ƹ𝑗

𝑣𝑝

𝑎𝑝



In Cartesian kinematics, position can be defined in two ways:

Explicit vs. ImplicitTime Dependence

Explicit time dependence

• Position components given directly as a 

function of time:

𝑥 = 𝑥 𝑡 , 𝑦 = 𝑦(𝑡)

• Velocity and acceleration found by direct 

differentiation

ሶ𝑥 =
𝑑𝑥

𝑑𝑡
, ሶ𝑦 =

𝑑𝑦

𝑑𝑡

ሷ𝑥 =
𝑑2𝑥

𝑑𝑡2 , ሷ𝑦 =
𝑑2𝑦

𝑑𝑡2

Implicit time dependence

• Geometry defines the path and one 

coordinate depends on time indirectly

𝑥 = 𝑥 𝑡 , 𝑦 = 𝑓 𝑥  𝐨𝐫
𝑦 = 𝑦 𝑡 , 𝑥 = 𝑓 𝑦  

• Differentiation requires the chain rule:

if 𝑥 = 𝑥 𝑡 , 𝑦 = 𝑓 𝑥 , 

ሶ𝑥 =
𝑑𝑥

𝑑𝑡
,

ሶ𝑦 =
𝑑𝑦

𝑑𝑡
=

𝑑𝑦

𝑑𝑥

𝑑𝑥

𝑑𝑡
= ሶ𝑥

𝑑𝑦

𝑑𝑥



Problem Statement: Suppose that 𝑦 = sin 𝑥  and ሶ𝑥 = 3 m/s = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, and we want 
to know the velocity and acceleration when 𝑥 = 𝜋/2. 

Find: Cartesian components of velocity and acceleration

Solution:

Example: Implicit time dependence

𝑥 =
𝜋

2
, ሶ𝑥 = 3 m/s = constant →  ሷ𝒙 = 0 

To find the 𝑦 component of velocity, differentiate using the chain rule:

𝑦 = sin 𝑥  →  ሶ𝑦 =
𝑑𝑦

𝑑𝑡
=

𝑑𝑦

𝑑𝑥

𝑑𝑥

𝑑𝑡

𝑥 components of velocity and acceleration are known:

𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
sin 𝑥 = cos 𝑥,

𝑑𝑥

𝑑𝑡
= ሶ𝑥 ⟹ ሶ𝒚 = ሶ𝒙 𝐜𝐨𝐬 𝒙 = 𝟑 𝐜𝐨𝐬

𝝅

𝟐
 = 0 m/s

To find the 𝑦 component of acceleration, differentiate velocity with respect to time:

ሷ𝑦 =
𝑑

𝑑𝑡
ሶ𝑦 =

𝑑

𝑑𝑡
( ሶ𝑥 cos 𝑥) Use chain and product rule 

ሷ𝑦 = ሷ𝑥 cos 𝑥  − ሶ𝑥2 sin 𝑥  ⇒ ሷ𝒚 = 𝟎 𝐜𝐨𝐬
𝝅

𝟐
 − 𝟑𝟐 𝐬𝐢𝐧

𝝅

𝟐
= −𝟗 m/s 

Answer:    𝒗 = ሶ𝒙 Ƹ𝒊 + ሶ𝒚 Ƹ𝒋 = 𝟑 Ƹ𝒊 + 𝟎 Ƹ𝒋 𝐦/𝐬,  𝒂 = ሷ𝒙 Ƹ𝒊 + ሷ𝒚 Ƹ𝒋 = 𝟎 Ƹ𝒊 − 𝟗 Ƹ𝒋 𝐦/𝐬𝟐



a) Velocity components can be found directly by differentiating wrt 𝑡: Ԧ𝑣 = ሶ𝑥 Ƹ𝑖 + ሶ𝑦 Ƹ𝑗
ሶ𝑥 = 3t2, ሶy = −8 sin 4𝑡

Ԧ𝑣 = 3t2 Ƹ𝑖 − 8 sin 4𝑡 Ƹ𝑗  ⇒ plug in t = 2 and solve

b) Acceleration components can be found by taking the second derivative wrt 𝑡:  Ԧ𝑎 = ሷ𝑥 Ƹ𝑖 + ሷ𝑦 Ƹ𝑗
ሷ𝑥 = 6𝑡,  ሷ𝑦 = −32 cos 4𝑡

Ԧ𝑎 = 6𝑡 Ƹ𝑖 − 32 cos 4𝑡 Ƹ𝑗 ⇒ plug in t = 2 and solve

c) From linear algebra remember: Ԧ𝑣  ⋅ Ԧ𝑎 = | Ԧ𝑣|| Ԧ𝑎|cos(𝜃)

𝜃 = cos−1 𝑣 ⋅𝑎

|𝑣||𝑎|
= cos−1 ሶ𝑥 ሷ𝑥+ ሶ𝑦 ሷ𝑦

ሶ𝑥2+ ሶ𝑦2 ሷ𝑥2+ ሷ𝑦2
⇒ plug in t = 2 and solve

Lecturebook example: 1.A.2

Solution:



a) Velocity components are defined as: Ԧ𝑣 = ሶ𝑥 Ƹ𝑖 + ሶ𝑦 Ƹ𝑗

Known: vertical motion of P constrained by slot → ሶ𝑦 = 𝑣

Known: the slot moves upward at a constant speed → ሷy = 0

Known: x position constrained with 
𝑥2

𝑎
+

𝑦2

𝑏
= 1→ implicitly differentiate and solve for ሶ𝑥

2𝑥 ሶ𝑥

𝑎2
+

2𝑦 ሶ𝑦

𝑏2
= 0 ⇒ 𝑏2𝑥 ሶ𝑥 + 𝑎2𝑦 ሶ𝑦 = 0

Solve for x from original constraint eqn: 𝑥 = ±𝑎 (1 −
𝑦2

𝑏2)

Solve for ሶ𝑥: ሶ𝑥 = −
𝑎2𝑦 ሶ𝑦

𝑏2𝑥
= −

𝑎𝑦 ሶ𝑦

𝑏2 (1−
𝑦2

𝑏2)

   ←Plug in known numerical values and solve

Lecturebook example: 1.A.1

Solution:



a) Acceleration components defined as: Ԧ𝑎 = ሷ𝑥 Ƹ𝑖 + ሷ𝑦 Ƹ𝑗

Known from part (a): 𝑏2𝑥 ሶ𝑥 + 𝑎2𝑦 ሶ𝑦 = 0 → implicitly differentiate and solve for ሷ𝑥 
ሶ𝑥2𝑏2 + 𝑥 ሷ𝑥𝑏2 + ሶ𝑦2𝑎2 + 𝑦 ሷ𝑦𝑎2 = 0

Known from part (a): ሷ𝑦 = 0 → ሶ𝑥2𝑏2 + 𝑥 ሷ𝑥𝑏2 + ሶ𝑦2𝑎2 = 0

Plug in known numerical values and solve for ሷ 𝑥

Note: once you solve for ሶ𝑥, ሷ𝑥, ሶ𝑦, ሷ𝑦, remember to plug back into the vector equations for Ԧ𝑎, Ԧ𝑣

Lecturebook example: 1.A.1

Solution:





Real-World Examples of Cartesian Kinematics

CNC milling

FDM 3D Printing

Gantry vending machine



ME 274: Basic Mechanics II
Lecture 3: Point Kinematics, Polar Description



From Last Lecture…

ρ

ρ

𝐶

𝐶

Ԧ𝑣 = 𝑣 Ƹ𝑒𝑡 Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛

Ƹ𝑒𝑛

Ƹ𝑒𝑡
Ƹ𝑒𝑡

Ƹ𝑒𝑛

Ƹ𝑒𝑛

Ƹ𝑒𝑡

Ƹ𝑖

Ƹ𝑗 Ƹ𝑖

Ƹ𝑗

Ƹ𝑖

Ƹ𝑗



Kinematic Descriptions

Path description:

• Distance along path: 𝑠(𝑡)
• Ƹ𝑒𝑡, Ƹ𝑒𝑛 depend on path 

geometry

• Ԧ𝑣 = 𝑣 Ƹ𝑒𝑡

• Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛

Cartesian description:

• Position: Ԧ𝑟 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗
• Fixed direction basis 

vectors Ƹ𝑖, Ƹ𝑗
• Ԧ𝑣 = ሶx Ƹ𝑖 + ሶ𝑦 Ƹ𝑗
• a = ሷ𝑥 Ƹ𝑖 + ሷ𝑦 Ƹ𝑗

Polar description:

• Position: Ԧ𝑟 = 𝑟 Ƹ𝑒𝑟

• Ƹ𝑒𝑟, Ƹ𝑒𝜃 change with particle 

motion

• Ԧ𝑣 = ሶ𝑟 Ƹ𝑒𝑟 + 𝑟 ሶ𝜃 Ƹ𝑒𝜃

• Ԧ𝑎 = ሷ𝑟 − 𝑟 ሶ𝜃2 Ƹ𝑒𝑟

 + 𝑟 ሷ𝜃 + 2 ሶ𝑟 ሶ𝜃 Ƹ𝑒𝜃

Today



Polar Kinematics

𝑃

𝑂

Ƹ𝑒𝑟

𝜃

Ƹ𝑒𝜃
Ԧ𝑟

Position: Ԧ𝑟 = 𝑟 Ƹ𝑒𝑟

Velocity: Ԧ𝑣 =
𝑑 Ԧ𝑟

𝑑𝑡

𝑑 Ԧ𝑟

𝑑𝑡
=

𝑑

𝑑𝑡
𝑟 Ƹ𝑒𝑟 = ሶ𝑟 Ƹ𝑒𝑟 + 𝑟

𝑑 Ƹ𝑒𝑟

𝑑𝑡

Ƹ𝑒𝑟

Ƹ𝑒𝜃

Ƹ𝑖

Ƹ𝑗

𝜃

𝑑 Ƹ𝑒𝑟

𝑑𝜃
= 𝑐𝑜𝑠𝜃 Ƹ𝑖 − 𝑠𝑖𝑛𝜃 Ƹ𝑗 = Ƹ𝑒𝜃

𝑑 Ƹ𝑒𝑟

𝑑𝜃

𝑑𝜃

𝑑𝑡

Velocity: Ԧ𝑣 = ሶ𝑟 Ƹ𝑒𝑟 + 𝑟 ሶ𝜃 Ƹ𝑒𝜃

Writing Ƹ𝑒𝑟, Ƹ𝑒𝜃 in terms of Ƹ𝑖, ෡𝑗: 



Polar Kinematics

𝑃

𝑂

Ƹ𝑒𝑟

𝜃

Ƹ𝑒𝜃
Ԧ𝑟

Position: Ԧ𝑟 = 𝑟 Ƹ𝑒𝑟

Velocity: Ԧ𝑣 =
𝑑 Ԧ𝑟

𝑑𝑡
= Ԧ𝑣 = ሶ𝑟 Ƹ𝑒𝑟 + 𝑟 ሶ𝜃 Ƹ𝑒𝜃

Acceleration: Ԧ𝑎 =
𝑑𝑣

𝑑𝑡

=
𝑑

𝑑𝑡
ሶ𝑟 Ƹ𝑒𝑟 +

𝑑

𝑑𝑡
(𝑟 ሶ𝜃 Ƹ𝑒𝜃)

= ሷ𝑟 Ƹ𝑒𝑟 + ሶ𝑟
𝑑 Ƹ𝑒𝑟

𝑑𝑡
+ ሶ𝑟 ሶ𝜃 Ƹ𝑒𝜃 + 𝑟 ሷ𝜃 Ƹ𝑒𝜃 + 𝑟 ሶ𝜃

𝑑 Ƹ𝑒𝜃

𝑑𝑡

Ƹ𝑒𝑟

Ƹ𝑒𝜃

Ƹ𝑖

Ƹ𝑗

𝜃

Ԧ𝑎 = ሷ𝑟 Ƹ𝑒𝑟 + ሶ𝑟 ሶ𝜃 Ƹ𝑒𝜃 + ሶ𝑟 ሶ𝜃 Ƹ𝑒𝜃 + 𝑟 ሷ𝜃 Ƹ𝑒𝜃 + 𝑟 ሶ𝜃 − ሶ𝜃 Ƹ𝑒𝑟

= ሷ𝑟 − 𝑟 ሶ𝜃2 Ƹ𝑒𝑟 + 𝑟 ሷ𝜃 + 2 ሶ𝑟 ሶ𝜃 Ƹ𝑒𝜃

𝑑 Ƹ𝑒 𝜃

𝑑𝜃

𝑑𝜃

𝑑𝑡ሶ𝜃 Ƹ𝑒𝜃



Polar Kinematics – important considerations
• The values of the vector components depend on the location of your 

reference point and your angle convention

• When the path of P is given as 𝑟 = 𝑟 𝜃 , you will need the chain rule of differentiation 

to find time derivatives in terms of ሶ𝜽, ሷ𝜽

ሶ𝑟 =
𝑑𝑟

𝑑𝑡
=

𝑑𝑟

𝑑𝜃

𝑑𝜃

𝑑𝑡
=

𝑑𝑟

𝑑𝜃
ሶ𝜃, ሷ𝑟 =

𝑑2𝑟

𝑑𝜃2
ሶ𝜃 +

𝑑𝑟

𝑑𝜃
ሷ𝜃

• Polar description of motion is useful in cases where there is an observer of motion



Conceptual question: C.6

𝜃
𝑟

Ƹ𝑒𝑟

Ƹ𝑒𝜃

Solution:

ሶ𝑟 =
𝑑𝑟

𝑑𝑡

=
𝑑𝑟

𝑑𝜃

𝑑𝜃

𝑑𝑡
𝑑𝑟

𝑑𝜃
=

𝑑

𝑑𝜃
2𝑐𝑜𝑠𝜃 = −2𝑠𝑖𝑛𝜃

𝑑𝜃

𝑑𝑡
= ሶ𝜃

ሶ𝑟 = −2 ሶ𝜃𝑠𝑖𝑛𝜃 = −2 −3 sin
𝜋

3
= 3 3 𝑓𝑡/𝑠



Conceptual question: C1.6

𝜃
𝑟

Ƹ𝑒𝑟

Ƹ𝑒𝜃

Solution:

ሷ𝑟 =
𝑑

𝑑𝑡
ሶ𝑟 =

𝑑

𝑑𝑡
(−2 ሶ𝜃𝑠𝑖𝑛𝜃)

= −2 ሷ𝜃𝑠𝑖𝑛𝜃 + ሶ𝜃
𝑑

𝑑𝑡
𝑠𝑖𝑛𝜃

𝑑

𝑑𝑡
𝑠𝑖𝑛𝜃 = 𝑐𝑜𝑠𝜃 ሶ𝜃

ሷ𝑟 = −2 ሷ𝜃𝑠𝑖𝑛𝜃 + ሶ𝜃2𝑐𝑜𝑠𝜃

⟹ −2 0 sin
𝜋

3
+ −3 2 cos

𝜋

3
= −9 ft/s2



Solution: 

Remember Ԧ𝑎 = ሷ𝑟 − 𝑟 ሶ𝜃2 Ƹ𝑒𝑟 + 𝑟 ሷ𝜃 + 2 ሶ𝑟 ሶ𝜃 Ƹ𝑒𝜃 

Calculate derivatives of r:

𝑟 = cos 3𝜃 = cos
3𝜋

3
= −1 𝑓𝑡

ሶ𝑟 =
𝑑𝑟

𝑑𝑡
=

𝑑𝑟

𝑑𝜃

𝑑𝜃

𝑑𝑡
= ሶ𝜃 −3𝑠𝑖𝑛3𝜃 = 0 𝑓𝑡/𝑠

ሷ𝑟 =
𝑑 ሶ𝑟

𝑑𝑡
= −3 ሷ𝜃𝑠𝑖𝑛3𝜃 + 3 ሶ𝜃2𝑐𝑜𝑠3𝜃 = −3 0 sin 𝜋 + 3 2 2 cos 𝜋 = 36𝑓𝑡/𝑠2

Plug known values into expression for Ԧ𝑎
Ԧ𝑎 = 36 − −1 2 2 Ƹ𝑒𝑟 + −1 0 + 2 0 2 Ƹ𝑒𝜃

a = 40 Ƹ𝑒𝑟 𝑓𝑡/𝑠2

Conceptual question: C1.8

0



Given: Particle P travels along an elliptical path shown with ሶ𝜃 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Find: for the position of P corresponding to 𝜃 =
𝜋

2

a) Determine ሶ𝑅 and ሷ𝑅. Use b = 2m, ሶ𝜃 = 3
𝑟𝑎𝑑

𝑠

Additional lecture Example 1.3

Solution: 

Path defined by: 𝑅 2 + 𝑐𝑜𝑠𝜃 = 𝑏

At 𝜃 =
𝜋

2
,

𝑅 =
𝑏

2 + 𝑐𝑜𝑠𝜃
=

2

2 + cos
𝜋
2

= 1𝑚

Solve for ሶ𝑅:
𝑑

𝑑𝑡
: ሶ𝑅 2 + 𝑐𝑜𝑠𝜃 + 𝑅 − ሶ𝜃𝑠𝑖𝑛𝜃 = 0

Rearranging: ሶ𝑅 =
R ሶ𝜃𝑠𝑖𝑛𝜃

2+𝑐𝑜𝑠𝜃

Plug in: ሶ𝑅 =
1 3 sin

𝜋

2

2+cos
𝜋

2

=
3

2
𝑚/𝑠 

Ƹ𝑒𝑟Ƹ𝑒𝜃



Given: Particle P travels along an elliptical path shown with ሶ𝜃 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Find: for the position of P corresponding to 𝜃 =
𝜋

2

a) Determine ሶ𝑅 and ሷ𝑅. Use b = 2m, ሶ𝜃 = 3
𝑟𝑎𝑑

𝑠

Additional lecture Example 1.3

Solution: 

Path defined by: 𝑅 2 + 𝑐𝑜𝑠𝜃 = 𝑏

At 𝜃 =
𝜋

2
, 𝑅 = 1𝑚, ሶ𝑅 =

3

2
𝑚/𝑠

Path eqn. derivatives:
𝑑

𝑑𝑡
: ሶ𝑅 2 + 𝑐𝑜𝑠𝜃 + 𝑅 − ሶ𝜃𝑠𝑖𝑛𝜃 = 0

𝑑2

𝑑𝑡2 : ሷ𝑅 2 + 𝑐𝑜𝑠𝜃 + ሶ𝑅 − ሶ𝜃𝑠𝑖𝑛𝜃 + ሶ𝑅 − ሶ𝜃𝑠𝑖𝑛𝜃

+ 𝑅(− ሷ𝜃𝑠𝑖𝑛𝜃) + 𝑅(− ሶ𝜃2𝑐𝑜𝑠𝜃) = 0

Simplify: 2 ሷ𝑅 − 2 ሶ𝑅 ሶ𝜃 = 0

Rearrange and solve: ሷ𝑅 = ሶ𝑅 ሶ𝜃 =
9

2
𝑚/𝑠2

Ƹ𝑒𝑟Ƹ𝑒𝜃





ME 274: Basic Mechanics II
Lecture 4: Point Kinematics, Joint Description



Kinematic Descriptions

Path description:
• Distance along path: 𝑠(𝑡)
• 𝑒̂௧, 𝑒̂௡ depend on path 

geometry
• 𝑣⃗ = 𝑣𝑒̂௧

• 𝑎⃗ = 𝑣̇𝑒̂௧ +
௩మ

ఘ
𝑒̂௡

Cartesian description:
• Position: 𝑟 = 𝑥𝚤̂ + 𝑦𝚥̂
• Fixed direction basis 

vectors 𝚤̂, 𝚥̂
• 𝑣⃗ = ẋ𝚤̂ + 𝑦̇𝚥̂
• a = 𝑥̈𝚤̂ + 𝑦̈𝚥̂

Polar description:
• Position: 𝑟 = 𝑟𝑒̂௥

• 𝑒̂௥, 𝑒̂ఏ change with particle 
motion

• 𝑣⃗ = 𝑟̇𝑒̂௥ + 𝑟𝜃̇𝑒̂ఏ

• 𝑎⃗ = 𝑟̈ − 𝑟𝜃̇ଶ 𝑒̂௥

+ 𝑟𝜃̈ + 2𝑟̇𝜃̇ 𝑒̂ఏgood for horizontal
& verticalmotion

move
trotate

good for speed/
turning

→ ⊖

good for centralobserver



Different Descriptions – Same Motion

𝑃

𝑂

Velocity:  𝑣⃗   =   𝑥̇𝚤̂ + 𝑦̇𝚥̂   =   𝑣 𝑒̂௧   =  𝑟̇𝑒̂௥ + 𝑟𝜃̇𝑒̂ఏ

𝑣⃗

𝑎⃗

Acceleration: 𝑎⃗   =   𝑥̈𝚤̂ + 𝑦̈𝚥̂   =   𝑣̇𝑒̂௧ +
௩మ

ఘ
𝑒̂௡  =   𝑟̈ − 𝑟𝜃̇ଶ 𝑒̂௥ + 𝑟𝜃̈ + 2𝑟̇𝜃̇ 𝑒̂ఏ

I
é ft é

0

^

E - J - T - T

at = I =  .

convert between descriptions



Joint Description: Combined Usage of Kinematic Descriptions

Example: Car moving around a turn

The motion of a car is described in Cartesian 
coordinates

Questions we care about:

• Is the car speeding up or slowing down?

• How hard is the car turning?

Example: Cheering for a runner

Tracking app gives path information:
• Distance along course
• Current speed and split times

Questions we care about:
• Where to stand to cheer – runner’s 

absolute position at a time

GPS coords:
(39.2, −84.7)

y

V.V
¥ Pathescriptions

P

→ SCH} path

V

(x, y)-cartesian

SH)

V

r, 0 ← polar

0



Solution: 
Write target basis vectors in terms of given basis vectors

Converting between descriptions: Projection

Calculate velocity components by finding projection of 𝑣⃗ onto 𝚤,̂ 𝚥̂

w
3- 4-5 to:

- 0.8%-0.620
- O - O. 62. +0.82€

v

a

T-ftp.ja-xi.gg

- - T, E = (loer-20%) • (0.82-0. 6) %

- . I = 8 + 12- 20M'S

j -J-J -Ger + 290)-CO.GE 0.88

if = at. j = 1.8 + 1. 6 = 3.4 m³
T-201 + 3.48



Component extraction via projection

Cartesian:
𝑣⃗   =   𝑥̇𝚤̂ + 𝑦̇𝚥̂
𝑎⃗   =   𝑥̈𝚤̂ + 𝑦̈𝚥̂ 

 

Polar:
𝑣⃗  =  𝑟̇𝑒̂௥ + 𝑟𝜃̇𝑒̂ఏ

𝑎⃗   =   𝑟̈ − 𝑟𝜃̇ଶ 𝑒̂௥ + 𝑟𝜃̈ + 2𝑟̇𝜃̇ 𝑒̂ఏ

1) target basis in terms of given

2) take projection



Solution: 
Write given basis vectors in terms of target basis vectors

Converting between descriptions: Coefficient Balancing

Directly substitute into expression for 𝑣⃗:

- 0.82+0.65
= -0.62 - 0.8J

T-(loer-2020) = 10 (0.82+0.65) - 20L-0.6A 0.81)

= 82 + 6j + 122 - 165-200-10 jus

[(3ér+zéo)- 3(0.si + Obj) +2 (-0.62+0.85)

= 1. 28 + 345 m/s



Example 2

V-/V1=

* = vet- e.
I = 302-405

302 4405 =

^

50m's

F- vet → I- T so
v. a.ee-f- 10j)-(0.60-0.85) = 8m/s"

lot: v2-(E)" → (55-lat-v2
→ p = V2 = 502

0.60 - 0.8J

lap-v2 10" - 8"

= 2500 m

6



Example 1.C.2

V

↳ given cartes: an

Z path coord.

J: Xi-jj- VAT-⅓J
E- i-gj-int-i. J

J = vé, → -g.&-I = KE-VBI

V12 → Vβ²

a) E-vet. a
V-E. In = (Vas-r, j). (VAT-V5

VA² + VB'

I
- vievi (VAVA-V, ⅓) ← sub-solve



Example 1.C.2.cont
b) /a/"= v3. (I)" → p = V2

F- v2

/ a/2- Vit v}
p- v2

+ + v3-v2} from
part A



Example 1.C.4
Vp-O

it

^en g,
e

target: Erie ⊖

from geometry:
&-costée-sine in
éo=-sinfee + costen

given: Et, In

I = vi. = iér-rééa
i-i.ir-(vet). (cosoe, + sin ⊖ E) = vcoso

r = T.ee = (vet). (-sinfée-as ⊖ in) = -usin⊖
Sub & solvegiven 0, r

if



Example 1.C.4.cont
a- = vée + Yen = -role. + (r + in ) %

given
a ye-

(i-ro)-ñér = (jen). (costel + sintin)

= v,2SING(i-ro

(ré+zré) - area (Fin)/-sinode-costen)

(r +280)- ⅓ cost
>

Zegn, 2 unknowns → sub & solve
for , 



ME 274: Basic Mechanics II
Lecture 2: Point Kinematics, Path Description



• Brightspace/Gradescope access?

• Lecture notes: https://www.purdue.edu/freeform/me274/quizzes-2/

• Hw 1 due Tonight, 11:59 pm –submit to Gradescope

• Hw 2 released today

Housekeeping

https://www.purdue.edu/freeform/me274/quizzes-2/
https://www.purdue.edu/freeform/me274/quizzes-2/
https://www.purdue.edu/freeform/me274/quizzes-2/


Describing motion: particle kinematics – for all coordinate systems:

• Position, Ԧr(t)

• Velocity, v(t) → Ԧ𝑣 =
𝑑r

𝑑𝑡

• Acceleration, a(t) → Ԧ𝑎 =
𝑑2 Ԧ𝑟

𝑑𝑡2

Cartesian description: The path of particle P is expressed in terms of x and y 
components 

• Ԧ𝑟 = 𝑥 𝑡 Ƹ𝑖 + 𝑦 𝑡 Ƹ𝑗

• Ԧ𝑣 =
𝑑r

𝑑𝑡
= ሶx Ƹ𝑖 + ሶ𝒚 Ƹ𝑗

• a =
𝑑2r

𝑑𝑡2 = ሷ𝑥 Ƹ𝑖 + ሷ𝑦 Ƹ𝑗

Where 𝑖̂Ƹ, 𝑗̂Ƹ are constant basis vectors

Differentiation requires the chain rule:

if 𝑥 = 𝑥 𝑡 and 𝑦 = 𝑓 𝑥 :

• ሶ𝑥 =
𝑑𝑥

𝑑𝑡
,

• ሶ𝑦 =
𝑑𝑦

𝑑𝑡
=

𝑑𝑦

𝑑𝑥

𝑑𝑥

𝑑𝑡
= ሶ𝑥

𝑑𝑦

𝑑𝑥

From Last Lecture…



Choosing a Kinematic Description

Cartesian description:

• Position: 𝑥 𝑡 , 𝑦(𝑡)
• Fixed direction basis vectors Ƹ𝑖, Ƹ𝑗

Works best when:

• Motion aligns with 

horizontal/vertical directions

• Geometry is naturally written in 𝑥 

and 𝑦

Path description:

• Position defined by s(t)

• Tangent and normal basis vectors 

Ƹ𝑒𝑡, Ƹ𝑒𝑛 depend on path geometry

Works best when:

• Motion constrained to a known path

• We care about speed and curvature



Motivating Example: Roller Coasters



Path description: Position

P

If a particle, 𝑃, moves along a known 

path, the position, Ԧ𝑟, is known in terms 

of the distance, 𝑠, the particle has 

moved along the path. 

• 𝑠 = 𝑠 𝑡  ← Scalar (arc length)

• Ԧ𝑟 = Ԧ𝑟(𝑠) ← Vector
𝑠

𝑟

Remember for all descriptions 

Ԧ𝑣 =
𝑑Ԧr

𝑑𝑡
To solve for velocity in the path description, we use the chain rule of differentiation:

Ԧ𝑣 =
𝑑 Ԧ𝑟

𝑑𝑡
=

𝑑 Ԧ𝑟

𝑑𝑠

𝑑𝑠

𝑑𝑡

So what do these mean physically?



Velocity, Speed, and ො𝒆𝒕

Velocity vector: Ԧ𝑣 =
𝑑 Ԧ𝑟

𝑑𝑡
=

𝑑 Ԧ𝑟

𝑑𝑠

𝑑𝑠

𝑑𝑡

𝑑𝑠

𝑑𝑡
 →the rate of change of distance with respect to time = speed, 𝒗

𝑑 Ԧ𝑟

𝑑𝑠
= lim

Δ𝑠→0

Δ Ԧ𝑟

Δ𝑠

Ԧ𝑟
𝑃

𝑃′

Δs
ΔԦrԦ𝑟 + Δ𝑟

• ΔԦr  → change in particle position

• |ΔԦr|→ chord length 

• Δs  → arc length

Magnitude of 
𝒅𝒓

𝒅𝒔
 :

       As Δ𝑠 → 0, |𝚫𝒓| → 𝜟𝒔, 

        meaning 
|Δ𝑟|

Δ𝑠
 = 1, making 

𝑑 Ԧ𝑟

𝑑𝑠
 a unit vector

Direction of 
𝒅𝒓

𝒅𝒔
 :

As Δ𝑠 → 0, 𝛥 Ԧ𝑟 becomes tangent to the path

Therefore: 
𝒅𝒓

𝒅𝒔
  is a tangent unit vector, ො𝒆𝒕, and Ԧ𝑣 =

𝑑 Ԧ𝑟

𝑑𝑠

𝑑𝑠

𝑑𝑡
= 𝒗ො𝒆𝒕



Acceleration and curvature

Differentiate wrt time:

Ԧ𝑎 =
𝑑 Ԧ𝑣

𝑑𝑡
=

𝑑

𝑑𝑡
(𝑣 Ƹ𝑒𝑡)

Use the product rule:

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 + 𝑣
𝑑 Ƹ𝑒𝑡

𝑑𝑡
Use the chain rule:

𝑑 Ƹ𝑒𝑡

𝑑𝑡
=

𝑑 Ƹ𝑒𝑡

𝑑𝑠

𝑑𝑠

𝑑𝑡
Using chain rule and path geometry:

𝑑 Ƹ𝑒𝑡

𝑑𝑠
=

𝑑 Ƹ𝑒𝑡

𝑑𝜃

𝑑𝜃

𝑑𝑠
Therefore:

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 + 𝑣2
𝑑 Ƹ𝑒𝑡

𝑑𝜃

𝑑𝜃

𝑑𝑠

←remember 
𝑑𝑠

𝑑𝑡
= 𝑣

←we can simplify further



Acceleration and curvature

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 + 𝑣2
𝑑 Ƹ𝑒𝑡

𝑑𝜃

𝑑𝜃

𝑑𝑠

𝑃

𝑃′

𝜌

𝐶

Ƹ𝑗

Ƹ𝑖

Ƹ𝑒𝑡

Ƹ𝑒𝑛

Ƹ𝑒𝑡 and Ƹ𝑒𝑛 can be related to Ƹ𝑖 and Ƹ𝑗 𝑎𝑠:
Ƹ𝑒𝑛 = − sin 𝜃 Ƹ𝑖 + cos 𝜃 Ƹ𝑗

Ƹ𝑒𝑡 = 𝑐𝑜𝑠𝜃 Ƹ𝑖 + sin 𝜃 Ƹ𝑗
Therefore:

𝑑 Ƹ𝑒𝑡

𝑑𝜃
=  − sin 𝜃 Ƹ𝑖 + cos 𝜃 Ƹ𝑗 = Ƹ𝑒𝑛

𝜃

Δs

Δ𝜃

From path geometry:

d𝑠 = 𝜌d𝜃 ⇒
𝑑𝑠

𝑑𝜃
=

1

𝜌

Combining terms:

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛



• Velocity: Ԧ𝑣 = 𝑣 Ƹ𝑒𝑡

• Acceleration: Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛

• Ƹ𝑒𝑛 is always pointed inward

• ሶ𝑣 > 0 → particle is speeding up

• ሶ𝑣 < 0 → particle is slowing down

• ሶ𝑣 = 0 → particle speed is constant

Fundamentals of the Path Description

Ƹ𝑒𝑡

Ƹ𝑒𝑛

Ԧ𝑣

Ԧ𝑎

Decreasing speed
Ԧ𝑎

NOT POSSIBLE

Ԧ𝑎

Constant speed

Ԧ𝑎

Increasing speed



Solution:

Remember Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛 

We are given | Ԧ𝑎|, 𝑎𝑡 =  ሶ𝑣, and 𝑣

Find an expression for| Ԧ𝑎|:

Ԧ𝑎 = ሶ𝑣2 +
𝑣2

𝜌

2

Rearrange and solve for 𝜌:

Ԧ𝑎 2 = ሶ𝑣2 +
𝑣2

𝜌

2

𝑣2

𝜌
= Ԧ𝑎 2  −  ሶ𝑣2

𝜌 =
𝑣2

Ԧ𝑎 2  −  ሶ𝑣2

Sample Problem: 1.A.3

Has to be positive

Sub in known values 



Solution:

Velocity→ Ԧ𝑣 = 𝑣 Ƹ𝑒𝑡 = (𝑐 + 𝑑𝑠) Ƹ𝑒𝑡

Acceleration → Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛

ሶ𝑣 =
𝑑𝑣

𝑑𝑡
=

𝑑𝑣

𝑑𝑠

𝑑𝑠

𝑑𝑡

ሶ𝑣 = 𝑐 + 𝑑𝑠 𝑑

𝑣2

𝜌
= 𝑐 + 𝑑𝑠 2 𝑎 + 𝑏𝑠

→ Ԧ𝑎 = 𝑐 + 𝑑𝑠 𝑑 Ƹ𝑒𝑡+ 𝑐 + 𝑑𝑠 2 𝑎 + 𝑏𝑠  Ƹ𝑒𝑛

Additional lecture Example 1.1

Ƹ𝑒𝑡

Ƹ𝑒𝑛

Clothoid spiral

𝑣





ME 274: Basic Mechanics II
Lecture 5: Relative and Constrained Motion



Motion is measured relative to a point

𝑃

𝑂

𝑣⃗

𝑎⃗

So far, we have described:
• Motion of a single point
• Measured relative to a fixed reference point, 𝑂

Motion is not absolute → depends on the observer
• What do we do if we have multiple moving points?
• How do we describe motion of one body as seen 

from another? 𝑟

60 mph 60 mph

1D Example: trains crossing at a station

What is the speed of the red train observed from the platform?

What is the speed of the red train observed from the blue train?

0

- 60 mph

- 120 mph



Relative position: where one point is as seen by another

The position of point B relative to point A is given by the vector  𝑟஻/஺ = 𝑟஻ − 𝑟஺

Note: 
• 𝑟஻/஺ points from A TO B
• 𝑟஻/஺  ≠ 𝑟஺/஻ ← same magnitude, opposite direction

Relative velocity and acceleration can be found by taking time derivatives

B/A → B with respect to A

TAB

JB, A- #Ta-da Es - dri = ⅓-1
at

⑦ Bra = It TBA - d V5 duf.az-I
① / f A



Example 1.D.1
↳ = 50VB =-10

V1 - 80VA = 10

TBA = GB A

, -VE in
502£, =-10ée + co-s) in

=-102£-5000 Én
£3 = 10J - 50002

a- + =-Vaj = toj

⑦ Bra = 10J-50002-(-10J)

i

J

É
&

Et =-j
in =-t

- -50002+20] km hr²



Example 1.D.2

TB -VB]

> VA/B = VA/BV

VA - Va (Cos-02 + sinaj)

VA = V3 + Van = VAIB"+ V, J = Va

VA/B = VACOs⊖

U

(cos-02 + sing)

= 1200kt
VB → Vasino ⇒ 4- SEE = 692

VAB = VA Cost = 1200-03 Kny



Constrained Motion – Inextensible Cable

Constrained motion →the motion of one point depends on the motion of the other

Important considerations:
• Length, 𝐿, does not change
• The cable is flexible & can go around pulleys 

• 𝐿 remains constant, but the distance between A and B does not
• The diameter of the pulley does not affect the constraint equation

𝑠஺ 𝑠஻

→ constraint equs

→ da-0

const.

constraint eqn: L = Sa + SB + const.

ad+b - dSA + ds, + deons
at It

0 = VA + NB

O - AA- AB

t)

at

0



Solving Inextensible Cable Problems

→ unique lengths of cable

L- SA + 25C + Sp

O-Va-2Vc + VB

O-Aa + Zac' AB

B

SB
Sf

Sc



a note on connectors in pulley problems:

B
note in many problems (like the one pictured)
you can define your length such that you do
not need to include the connectors in your
constraint equs.

- unless otherwise specified, you can disregard these
connectors.

- if including them kilos your book keeping, you can
label C. , Cr, ↳ & group as a constant

i. e. L = SA + 25#SB + CC,' Cz-Cz)
Iconst

- When you take your derivatives for I & at, this
term = 0

SB

in these problems,
you may see
small "connector- SA-
lengths

E Sc IG

G



Example 1.D.3

Solution: 
1) Define a set of coordinates

2) Write an expression for cable length, 𝐿, in terms of coordinates 

4) Differentiate again to determine acceleration constraint

3) Differentiate the expression for 𝐿 and set 
ௗ௅

ௗ௧
= 0 to determine velocity constraint

L - 45A + 353

0 - 4 VA + 3VB VA = - 3¥13 ⇒ - Ja =-3¥ (-E)

t

O-49,-39, → As =-39-1

SBSA



Example 1.D.4

♂"
constraint equ:

L-Sc" 2 32 + SA + SB

¼-0 = Vc + 2 (½) (9 + SATISA)Va

+ VB

O = Vc- 25A Va

9+55
"V3 → rearrange

& solve for
VA



Example 1.D.4

↳ - 2x, + (const-Xa) ,

2x, + const-XA + 2C,

0 = 2VB ✓ A } sub in ☆ solve
O = 2dB- AA

II
C I
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