
ME 274: Basic Mechanics II
Lecture 2: Point Kinematics, Path Description



• Brightspace/Gradescope access?

• Lecture notes: https://www.purdue.edu/freeform/me274/quizzes-2/

• Hw 1 due Tonight, 11:59 pm –submit to Gradescope

• Hw 2 released today

Housekeeping
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Describing motion: particle kinematics – for all coordinate systems:

• Position, Ԧr(t)

• Velocity, v(t) → Ԧ𝑣 =
𝑑r

𝑑𝑡

• Acceleration, a(t) → Ԧ𝑎 =
𝑑2 Ԧ𝑟

𝑑𝑡2

Cartesian description: The path of particle P is expressed in terms of x and y 
components 

• Ԧ𝑟 = 𝑥 𝑡 Ƹ𝑖 + 𝑦 𝑡 Ƹ𝑗

• Ԧ𝑣 =
𝑑r

𝑑𝑡
= ሶx Ƹ𝑖 + ሶ𝒚 Ƹ𝑗

• a =
𝑑2r

𝑑𝑡2 = ሷ𝑥 Ƹ𝑖 + ሷ𝑦 Ƹ𝑗

Where 𝑖̂Ƹ, 𝑗̂Ƹ are constant basis vectors

Differentiation requires the chain rule:

if 𝑥 = 𝑥 𝑡 and 𝑦 = 𝑓 𝑥 :

• ሶ𝑥 =
𝑑𝑥

𝑑𝑡
,

• ሶ𝑦 =
𝑑𝑦

𝑑𝑡
=

𝑑𝑦

𝑑𝑥

𝑑𝑥

𝑑𝑡
= ሶ𝑥

𝑑𝑦

𝑑𝑥

From Last Lecture…



Choosing a Kinematic Description

Cartesian description:

• Position: 𝑥 𝑡 , 𝑦(𝑡)
• Fixed direction basis vectors Ƹ𝑖, Ƹ𝑗

Works best when:

• Motion aligns with 

horizontal/vertical directions

• Geometry is naturally written in 𝑥 

and 𝑦

Path description:

• Position defined by s(t)

• Tangent and normal basis vectors 

Ƹ𝑒𝑡, Ƹ𝑒𝑛 depend on path geometry

Works best when:

• Motion constrained to a known path

• We care about speed and curvature



Motivating Example: Roller Coasters



Path description: Position

P

If a particle, 𝑃, moves along a known 

path, the position, Ԧ𝑟, is known in terms 

of the distance, 𝑠, the particle has 

moved along the path. 

• 𝑠 = 𝑠 𝑡  ← Scalar (arc length)

• Ԧ𝑟 = Ԧ𝑟(𝑠) ← Vector
𝑠

𝑟

Remember for all descriptions 

Ԧ𝑣 =
𝑑Ԧr

𝑑𝑡
To solve for velocity in the path description, we use the chain rule of differentiation:

Ԧ𝑣 =
𝑑 Ԧ𝑟

𝑑𝑡
=

𝑑 Ԧ𝑟

𝑑𝑠

𝑑𝑠

𝑑𝑡

So what do these mean physically?



Velocity, Speed, and ො𝒆𝒕

Velocity vector: Ԧ𝑣 =
𝑑 Ԧ𝑟

𝑑𝑡
=

𝑑 Ԧ𝑟

𝑑𝑠

𝑑𝑠

𝑑𝑡

𝑑𝑠

𝑑𝑡
 →the rate of change of distance with respect to time = speed, 𝒗

𝑑 Ԧ𝑟

𝑑𝑠
= lim

Δ𝑠→0

Δ Ԧ𝑟

Δ𝑠

Ԧ𝑟
𝑃

𝑃′

Δs
ΔԦrԦ𝑟 + Δ𝑟

• ΔԦr  → change in particle position

• |ΔԦr|→ chord length 

• Δs  → arc length

Magnitude of 
𝒅𝒓

𝒅𝒔
 :

       As Δ𝑠 → 0, |𝚫𝒓| → 𝜟𝒔, 

        meaning 
|Δ𝑟|

Δ𝑠
 = 1, making 

𝑑 Ԧ𝑟

𝑑𝑠
 a unit vector

Direction of 
𝒅𝒓

𝒅𝒔
 :

As Δ𝑠 → 0, 𝛥 Ԧ𝑟 becomes tangent to the path

Therefore: 
𝒅𝒓

𝒅𝒔
  is a tangent unit vector, ො𝒆𝒕, and Ԧ𝑣 =

𝑑 Ԧ𝑟

𝑑𝑠

𝑑𝑠

𝑑𝑡
= 𝒗ො𝒆𝒕



Acceleration and curvature

Differentiate wrt time:

Ԧ𝑎 =
𝑑 Ԧ𝑣

𝑑𝑡
=

𝑑

𝑑𝑡
(𝑣 Ƹ𝑒𝑡)

Use the product rule:

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 + 𝑣
𝑑 Ƹ𝑒𝑡

𝑑𝑡
Use the chain rule:

𝑑 Ƹ𝑒𝑡

𝑑𝑡
=

𝑑 Ƹ𝑒𝑡

𝑑𝑠

𝑑𝑠

𝑑𝑡
Using chain rule and path geometry:

𝑑 Ƹ𝑒𝑡

𝑑𝑠
=

𝑑 Ƹ𝑒𝑡

𝑑𝜃

𝑑𝜃

𝑑𝑠
Therefore:

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 + 𝑣2
𝑑 Ƹ𝑒𝑡

𝑑𝜃

𝑑𝜃

𝑑𝑠

←remember 
𝑑𝑠

𝑑𝑡
= 𝑣

←we can simplify further



Acceleration and curvature

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 + 𝑣2
𝑑 Ƹ𝑒𝑡

𝑑𝜃

𝑑𝜃

𝑑𝑠

𝑃

𝑃′

𝜌

𝐶

Ƹ𝑗

Ƹ𝑖

Ƹ𝑒𝑡

Ƹ𝑒𝑛

Ƹ𝑒𝑡 and Ƹ𝑒𝑛 can be related to Ƹ𝑖 and Ƹ𝑗 𝑎𝑠:
Ƹ𝑒𝑛 = − sin 𝜃 Ƹ𝑖 + cos 𝜃 Ƹ𝑗

Ƹ𝑒𝑡 = 𝑐𝑜𝑠𝜃 Ƹ𝑖 + sin 𝜃 Ƹ𝑗
Therefore:

𝑑 Ƹ𝑒𝑡

𝑑𝜃
=  − sin 𝜃 Ƹ𝑖 + cos 𝜃 Ƹ𝑗 = Ƹ𝑒𝑛

𝜃

Δs

Δ𝜃

From path geometry:

d𝑠 = 𝜌d𝜃 ⇒
𝑑𝑠

𝑑𝜃
=

1

𝜌

Combining terms:

Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛



• Velocity: Ԧ𝑣 = 𝑣 Ƹ𝑒𝑡

• Acceleration: Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛

• Ƹ𝑒𝑛 is always pointed inward

• ሶ𝑣 > 0 → particle is speeding up

• ሶ𝑣 < 0 → particle is slowing down

• ሶ𝑣 = 0 → particle speed is constant

Fundamentals of the Path Description

Ƹ𝑒𝑡

Ƹ𝑒𝑛

Ԧ𝑣

Ԧ𝑎

Decreasing speed
Ԧ𝑎

NOT POSSIBLE

Ԧ𝑎

Constant speed

Ԧ𝑎

Increasing speed



Solution:

Remember Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛 

We are given | Ԧ𝑎|, 𝑎𝑡 =  ሶ𝑣, and 𝑣

Find an expression for| Ԧ𝑎|:

Ԧ𝑎 = ሶ𝑣2 +
𝑣2

𝜌

2

Rearrange and solve for 𝜌:

Ԧ𝑎 2 = ሶ𝑣2 +
𝑣2

𝜌

2

𝑣2

𝜌
= Ԧ𝑎 2  −  ሶ𝑣2

𝜌 =
𝑣2

Ԧ𝑎 2  −  ሶ𝑣2

Sample Problem: 1.A.3

Has to be positive

Sub in known values 



Solution:

Velocity→ Ԧ𝑣 = 𝑣 Ƹ𝑒𝑡 = (𝑐 + 𝑑𝑠) Ƹ𝑒𝑡

Acceleration → Ԧ𝑎 = ሶ𝑣 Ƹ𝑒𝑡 +
𝑣2

𝜌
Ƹ𝑒𝑛

ሶ𝑣 =
𝑑𝑣

𝑑𝑡
=

𝑑𝑣

𝑑𝑠

𝑑𝑠

𝑑𝑡

ሶ𝑣 = 𝑐 + 𝑑𝑠 𝑑

𝑣2

𝜌
= 𝑐 + 𝑑𝑠 2 𝑎 + 𝑏𝑠

→ Ԧ𝑎 = 𝑐 + 𝑑𝑠 𝑑 Ƹ𝑒𝑡+ 𝑐 + 𝑑𝑠 2 𝑎 + 𝑏𝑠  Ƹ𝑒𝑛

Additional lecture Example 1.1

Ƹ𝑒𝑡

Ƹ𝑒𝑛

Clothoid spiral

𝑣
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