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Background

In the last lecture, we saw that the position of a point B relative to a second point A can be written
as:

~rB/A = ~rB � ~rA
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Using the description of ~rB/A in terms of the polar unit vectors êr and ê✓ shown, we can write:

~rB/A = r êr = ~rB � ~rA

where r =
�� ~rB/A

�� is the distance from A to B and êr is aligned with ~rB/A as shown above. Di↵er-
entiation of this equation with respect to time and using our earlier results from polar kinematics
gives:

~vB/A = ṙêr + r✓̇ê✓ = ~vB � ~vA

~aB/A =
⇣
r̈ � r✓̇2

⌘
êr +

⇣
r✓̈ + 2ṙ✓̇

⌘
ê✓ = ~aB � ~aA

These equations are valid for planar motion of two general points A and B.

Objectives

The goals of this lecture are to: (i) develop and use the velocity and acceleration kinematic equations
for the planar motion of a rigid body, and (ii) use the concept of instant centers to study the velocity
of points on a rigid body moving in a plane.

Kinematics for Rigid Body (2D) motion at one point{ rotation of rigid body ⇒
motion of all points
on rigid body

Rigid body : I Ñ I = r = const

BIA
0 =/ Const → rotate
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Intuitive to use
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A. Development of Kinematic Equations for Planar Rigid Body
Motion

A rigid body is an object for which the distance between any two points on the object remains fixed
regardless of the motion of the object. Consider points A and B that lie on the same rigid body
with A and B moving in the same plane (or in parallel planes) for all time (planar motion). Since
they are fixed on the same rigid body, we see that

��~rB/A

�� = r = constant. Although the distance
between points A and B is constant, the vector’s orientation angle ✓ changes with time as the body
rotates. Therefore, the vector ~rB/A is not constant.
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Velocity and Acceleration Equations

Since A and B lie on the same rigid body, then r =
�� ~rB/A

�� = CONSTANT and ṙ = 0 for all time.
With this, the preceding kinematic equations reduce to:

~vB/A = ~vB � ~vA

= ṙêr + r✓̇ê✓

= r✓̇ê✓ ; ṙ = 0

= r✓̇
⇣
k̂ ⇥ êr

⌘
; ê✓ = k̂ ⇥ êr (by the RIGHT HAND RULE)

=
⇣
✓̇k̂

⌘
⇥ (rêr)

= ~! ⇥ ~rB/A

where ~! = ✓̇k̂ is the “angular velocity” of the rigid body.
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Imposing the
��~rB/A

�� = r = constant constraint equation on the relative acceleration equation gives:

~aB/A = ~aB � ~aA

=
⇣
r̈ � r✓̇2

⌘
êr +

⇣
r✓̈ + 2ṙ✓̇

⌘
ê✓

=
⇣
�r✓̇2

⌘
êr +

⇣
r✓̈
⌘
ê✓ ; ṙ = r̈ = 0

=
⇣
r✓̇2

⌘ h
k̂ ⇥

⇣
k̂ ⇥ êr

⌘i
+

⇣
r✓̈
⌘⇣

k̂ ⇥ êr
⌘

; êr = �k̂ ⇥
⇣
k̂ ⇥ êr

⌘

= ✓̇k̂ ⇥
h⇣

✓̇k̂
⌘
⇥ (rêr)

i
+

⇣
✓̈k̂

⌘
⇥ (rêr)

= ~! ⇥
⇥
~! ⇥ ~rB/A

⇤
+ ~↵⇥ ~rB/A

where ~↵ = ✓̈k̂ is the “angular acceleration” of the rigid body.

Therefore, the velocity and acceleration vectors for point B referenced to point A (on the same
rigid body) are given by:

~vB = ~vA + ~! ⇥ ~rB/A

~aB = ~aA + ~! ⇥
⇥
~! ⇥ ~rB/A

⇤
+ ~↵⇥ ~rB/A

Recall that the relative position vector ~rB/A extends FROM point A TO point B. In our derivation,
we wrote this vector in terms of its polar coordinates. In truth, this vector can be written in terms
of any set of coordinates. In our problem solving, we will commonly write ~rB/A in terms of a set of

Cartesian coordinates, using unit vectors î and ĵ. In doing so, we need to use the right hand rule
in orienting these unit vectors relative to the k̂ vector that appears in ~! and ~↵; that is, we need to
ensure that k̂ = î⇥ ĵ.

Angular Velocity and Angular Acceleration

In the preceding development, we defined the angular velocity and angular acceleration of the body
as ~! = !k̂ = ✓̇k̂ and ~↵ = ↵k̂ = ✓̈k̂, respectively.
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These two vectors are defined with the direction of the unit vector k̂ with this vector representing
the axis of rotation for the body. The positive sense of the vectors are defined by the right hand
rule (curl your fingers around the k̂ axis and your fingers define the positive sense). As shown in
the derivation, the scalars ! = ✓̇ and ↵ = ✓̈ are time derivatives of the angle of the vector ~rB/A from
A to B. Note that the angle ~rE/D for another pair of points D and E on the body di↵ers from the
angle ✓ only by a constant angle (since all points are attached to the same rigid body). Therefore,
we conclude that the angular velocity and angular acceleration vectors, ~! and ~↵, describe the same
angular motion for any pair of points on the body. In other words, ~! and ~↵ describe the angular
motion of the BODY and are the same for any pair of points on the rigid body.-0 --
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Discussion - Rigid Body Kinematics Equations

~vB = ~vA + ~! ⇥ ~rB/A

~aB = ~aA + ~↵⇥ ~rB/A + ~! ⇥
⇥
~! ⇥ ~rB/A

⇤

• The above two equations relate the kinematics of any two points A and B on the same rigid
body while the body executes planar motion.

• The vectors ~! = !k̂ and ~↵ = ↵k̂ are the angular velocity and angular acceleration of the rigid
body, respectively. These are properties of the motion of the rigid body and are the same
regardless of which points A and B are used in the above equation. That is, a rigid body has
one (and only one) angular velocity, and only one angular acceleration.

• The direction k̂ for the angular velocity and acceleration vectors denotes the axis about
which the body rotates. The signs of ! and ↵ provide the sense of the rotational velocity
and acceleration. Suppose that k̂ points out of the page. Then, by the right-hand rule, a
positive sign denotes counterclockwise motion, and a negative sign denotes clockwise rotation.

• If A and B both lie in a plane perpendicular to the k̂ direction (i.e., the xy plane) then the
last term on the right hand side of the acceleration equation simplifies to:

~! ⇥
�
~! ⇥ ~rB/A

�
=

⇣
!k̂

⌘
⇥
h⇣

!k̂
⌘
⇥
⇣
xî+ yĵ

⌘i

=
⇣
!k̂

⌘
⇥
⇣
x!ĵ � y!î

⌘

= �x!2î� y!2ĵ

= �!2
⇣
xî+ yî

⌘

= �!2~rB/A

In this case, the form of the acceleration simplifies to: ~aB = ~aA + ~↵⇥ ~rB/A � !2~rB/A.

• If A is a fixed point (~vA = ~0), then from above we see that ~vB = ~! ⇥ ~rB/A. In this case, the
body is rotating about point A. Since ~!⇥~rB/A is perpendicular to ~rB/A, ~vB is perpendicular
to ~rB/A when the body is rotating about point A.

• For general motion of a body with no prescribed fixed points, the point about which the body
rotates is not immediately obvious. We will address this point later on when we work with
instant centers.

• Interpretation: The relative velocity vector ~vB/A = ~vB � ~vA = ~! ⇥ ~rB/A is always per-
pendicular to the line connecting points A and B. However, the relative acceleration vector
~aB/A = ~aB � ~aA = ~↵⇥ ~rB/A � !2~rB/A is NOT perpendicular to the line connecting points A
and B. How do we know that this is true? See the following figure.
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g) INTERPRETATION:  The relative velocity vector 

 

vB /A = ! " rB /A  is always 
perpendicular to the line connecting points A and B. How do we know that this is 
true? 
 
 
 
 
 
 
 
 
 
 
 
 
The relative acceleration vector 

  
aB / A = ! " r B / A +# " # " r B / A( )  is NOT 

perpendicular to the line connecting points A and B. Can you see this? 
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Example 2.A.1

Given: The disk shown is rotating at a non-constant rate of ⌦ about a fixed axis passing through
its center O. At a particular instant, the acceleration vector of point P on the disk is ~aP .

Find: Determine:
(a) The angular velocity of the disk at this instant; and
(b) The angular acceleration of the disk at this instant.

Use the following parameters in your analysis: ~aP = 3̂i+ 4ĵ m/s2 and r = 0.4 m. Also, be sure to
write your answers as vectors.
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Example 2.A.7

Given: End B of the link moves to the right with a constant speed vB.

Find: Determine:
(a) The angular velocity of link AB; and
(b) The angular acceleration of link AB.

Use the following parameters in your analysis: vB = 3 m/s, L = 0.5 m and ✓ = 36.87�. Also, be
sure to express your answers as vectors.
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