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A. Rigid Body Kinetics: The Newton-Euler Equations

Background

In our earlier studies of the kinetics of particles, we have used the following set of equations for a
single particle i (Newton’s Second Law and the angular momentum equation):

�Fi = mi�ai

�MOi =
d

dt

[
�ri/O × (mi�vi)

]
; O is a FIXED point

We also saw that for a SYSTEM of particles, the above equations become:

(∑
�F
)
ext

= m�aG

(∑
�MA

)
ext

=
d

dt

∑
i

[
�ri/A × (

mi�vi/A
)]

+ �rG/A × (m�vA)

where G is the center of mass for the system, A is an arbitrary point in the system, m =
∑

imi

is the total mass of the system, and
(∑ �F

)
ext

and
(∑ �MA

)
ext

are the total external forces and

moments (about point A), respectively, acting on the system.

A continuous body can be thought of as a collection of an infinite set of particles with each particle
having an infinitesimal mass. For a continuous body, we can replace the summations over the
masses by an integral over the mass of the body:

∑
i

( • ) mi →
∫

vol

( • ) dm

Objectives

In these lectures our goal is develop and use the set of Newton-Euler equations in solving kinetics
problems dealing with planar motion of rigid bodies.





Lecture Material

From the equations in the Background section above, we have the following dynamical equations
for a system of particles:

(∑
�F
)
ext

= m�aG

(∑
�MA

)
ext

=
d

dt

∑
i

[
�ri/A × (

mi�vi/A
)]

+ �rG/A × (m�vA)

A

 ri/ A

i

G

system of N particles

 vi/ A

To produce an equivalent set of equations for a rigid body, we need to:

• enforce a rigid connection between all points in the system. For this we will use the rigid
body velocity equation between the velocity of A and particle i:

�vi/A = �vi − �vA = �ω × �ri/A

• envision a rigid body as an infinite set of particles of infinitesimal size for which:

∑
i

( • ) mi →
∫

vol

( • ) dm

To this end, we substitute the rigid body velocity kinematics equation into the first term on the
right-hand side of the angular momentum equation producing:

�ri/A × (
mi�vi/A

)
= mi�ri/A × (

�ω × �ri/A
)

From the figures on the following page, we see that the right hand side of the above equation
becomes:

�ri/A × (
mi�vi/A

)
= mi

∣∣�ri/A∣∣2 �ω



A

 ri/ A

i

G

system of rigidly connected particles

A

 r

dm

G

continuous rigid body

Some Special Forms of the Euler Equation:

The moment equation derived above for a rigid body:

(∑
�MA

)
ext

= IA�α+ �rG/A × (m�aA)

is known as “Euler’s Equation”. Consider the following observations related to the choice of point
A for Euler’s Equation:

• If you choose A to be the center of mass, G, then �rG/A = �0. For this case, the above equation
reduces to:

∑
�MG = IG�α

• If you choose A to be a fixed point on the body, O, then �aO = �0. For this case, the above
equation reduces to:

∑
�MO = IO�α

• If you choose a point A which has an acceleration vector that is parallel to �rG/A (and therefore,

�rG/A × �aA = �0), then the above equation reduces to:

∑
�MA = IA�α

For all other points, we need to use the full form of the Euler Equation:

∑
�MA = IA�α+ �rG/A × (m�aA)

mass, G, then �rG/A ===m =

a fixed point on the body, O, then �aO = �0.aaa
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+ �rG/A × (m�A)+++
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Question C5.2
A block with center of mass at G slides to the left on a rough horizontal surface. Circle the answer
below that most accurately describes the location of the normal contact force on the block from
the ground as the block slides.

(a) The normal force acts at a point to the left of G

(b) The normal force acts at a point to the right of G

(c) The normal force acts at a point directly beneath G

(d) More information is needed to answer this question

sliding to the left 

G 


