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Example A1.10

Given: The system shown is made of bodies 1, 2 and 3, with each body having a mass of m. Body
1 is constrained to move along a smooth horizontal floor. Body 2 is constrained to move within
a vertical slot in body 1. Body 3 (a thin, homogeneous bar) is pinned to body 2 at its end A.
The coordinates x1, zo and 6 are used to describe the position and orientation of the bodies in the
system. x7 is an absolute coordinate, xo describes the motion of 2 relative to 1, and 6 measures
the rotation of body 3 from its downward orientation.

Find: Use Lagrange?s equations to derive the EOMs for this system in terms of the coordinates
1, 9 and 6.
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SOLUTION

I 5 1 o5 1 45 1 . |
T =—mvi +—mv5 +—mvs +—1-0° where I~ =—mL
D e A S 712

1 1 L
U=—kx? +—kx§ — mg—cosO
2 2 2

I 2 1 5

R=—cXi +—cx
2t T2

AW = (Fi )dry
Kinematics

\_;1 = xll
Vo = ViV =X — Xy

. R Y L ~ L A
Vg =V + Vg4 = X1l — Xy +(9k)><(5sin9i —Ecosej)

L R L\
= ()'cl + Ecos@@jl + (—xz + EsinQQ)]



B=Ta+Tp4= (xlf — xzj) + (Lsin@f — Lcos@}')
= (x; + LsinB)i +(~x, — Lcosd)j =
diy = (dx, + Lcos@db)i + (—dx, + Lsinfde) j
Therefore,

1, 1 1 L \? L V| 1.
TZmelerEm(xlz+x§)+§m[(xl+5c0599) +(—fc2 +Esin99) +51G92
1 o 1 L 1 2 L, 5 5 1 L .
=§(3m)x1 +5(2m)x2 +§mT(cos 0+ sin"0)0 +5 mEcose x,0
1 L .1 .
+—(—m—sin9)x29+—(imL2)02
2 2 2\12
1 o 1 o 1 2. L o L L
= 5(3m)x12 + E(Zm)x% + E(m%jez + (mzcosejx19+ (—mzsinesze

dW = (Fi)[ (dx, + Lcos8d8)i + (~dx, + Lsinfd) j |
= (F)dx; + (FLcos8)d6 = Q, dx| + Qpd0
Applying Lagrange’s equations:

d(oT ) d L . L . L .
( ] —[3171561 +m200599}= 3mi; +mzcos90—mzsin092

dr\ oi, ) dr
r_,
a.xl
W_
a.xl
a—R—cx
o
O, =F

d(dT ) d L . L . . L .
( ) —[2m)'c2 —mzsin09}=2mjc'2 —mzsinQQ—mZCOSQGZ

dr\ox, | dr
T _,
a)CZ
W,
a.xZ
9R _ .
i,

Q,, =0
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d(dT di1 . L L
_(8_) = —[—mL20 +m—cos0x, — m—sin@fcz}
dt\ o0/ dtl3 4 4
.. L . L .

= gmLZO + m%cos@jél - m%sin@jéz — m—sinfx,0 — m— cos6x,0
aT
06
3—19] = mgasine
9 _
20
Qg = FLcos0

L : L :
=-m ry 5§in6x,0 — m— cos0x,0
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