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Example A1.5

Given: The stepped-spool below has a mass of m and amass moment of inertia of IO about point
O. Let � represent the angle of rotation of the disk with the spring being unstretched when � = 0.

Find: For this problem:
a) Using the Newton-Euler formulation, determine the equation of motion for the system in terms

of the coordinate �. Draw the free body diagrams of the drum and block individually before
writing down the Newton-Euler equations.

b) Write the equations on motion derived in b) in matrix form. Identify the mass, damping and
sti↵ness matrices in these equations
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ME 563 – Fall 2014 SOLUTION 
Homework Problem 1.2 
 
Consider the system below: 

• A drum has a mass of m, an inner radius R, an outer radius 2R and a centroidal 
mass of moment of inertia  IO . A spring of stiffness k connects the center of the 
drum O to a fixed wall. 

• Block A has a mass of m. 
• The inner surface of the disk rolls without slipping on the ground, and the cable 

does not slip on the outer radius of the drum. 
• A force F acts to the right at the center of the drum O. 

 
Let φ  be the rotation angle for the drum. The spring is unstretched when  φ = 0 .  

a) Using the Newton-Euler formulation, determine the equation of motion for the 
system using the coordinate φ . Draw the free body diagrams of the drum and 
block individually before writing down the Newton-Euler equations. 

b) Using the power equation formulation, determine the equation of motion for 
the system using the coordinate φ . Draw a free body diagram of the entire 
system before writing down the power equation.#

 

 
Free body diagrams: 
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Drum:  MC∑ = F R( ) + FA 3R( )− kRφ R( ) = IC φ  (1) 

Block:  Fy∑ = FA −mg = myA ⇒ FA = m g + yA( )  (2) 

where IC = IO +mR2 .  From kinematics:   
  yA = −3Rφ  (3) 
Combining equations (1)-(3): 

 

 

F R( ) +m g − 3Rφ( ) 3R( )− kRφ R( ) = IC φ ⇒

IO +10mR2( ) φ + kR2φ = 3mgR + FR
 

 
Using the power equation, we first write down the kinetic and potential energy: 
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and the expression for differential work: 

 
 
dW =


F i drO = Fî( ) i Rdφî( ) = FRdφ ⇒ dW

dt
= FR φ  

Using the power equation: 

 

 

dT
dt

+ dU
dt

= dW
dt

⇒ IO +10mR2( ) φ φ + kR2φ φ − 3mgR φ = FR φ ⇒

IO +10mR2( ) φ + kR2φ − 3mgR − FR⎡
⎣

⎤
⎦
φ = 0 ⇒

IO +10mR2( ) φ + kR2φ = 3mgR + FR


